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239 Lesson 59 Rearranging Before Substitution

LESSON 59

example 59.1

solution

example 59.2

solution

Rearranging Before Substitution

In every substitution problem encountered thus far, one of the equations has expressed x in
terms of y, as in the bottom equation in (a), or y in terms of x, &s in the top equation in {b).

L+ =95 y=2tr+4d
(al{x=2)-3 (b){zx_y:7

If neither of the eguations is in one of these forms, we begin by rearranging one of the
cquations.

Use substitution to solve forxand y: (a) [x = 2y = =]
(b) 12x -3y = 4

To use substitution to solve this system of equations, it is necessary (o rearrange one of the
cquations. We choose to solve for x in equation (2) because the x term in this equation has §
coefficient of !, and thus we can solve this equation for x in just one step.

x=2y= -1 equation (a)
Fy 2y added 2y to both sides
x = 2y-1

Now we can substitute the expression 2y — 1 for xinequation (b) and complete the solution.

2« 3y = 4 equation (h)
22y - =3y =4 substituted 2y - 1 forx
4y -2-3y=4 multiplied
y=-2=4 added like terms
y=6 added 2 to both sides

We can find the value of x by replacing the variable y with the number 6 in either of the original
equations, We will use both of the original equations to demonstrate that either one can be used
to find x.

Usmg BouaTion (a) Usivg EquaTion (b)
x-2y=-] e -3y =4
x = 26) = -] 2r - 3(6) = 4
x-12 = -] Zx-18=4
x=11 x =11

Thus the ordered pair of x and y that will satisfy both equations is (11, 6).

Use substitution to solve forxand y: (a) [2x — y = 10
(b) {4x — 3y = 16

We will first solve equation (a) for y and then substitute the resulting expression for y in
equation (b).

2x-y= 10 cquation (a)

~2x - 2xr  added -2x to both sides
-y = 10 - 2‘
y =10 + Zx  multplied both sides by -1
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Now we substitute =10 + 2x for y in equation {(b).

dx - 3y = 16 equation (b}
dx - 3-10 + 20) = 16 substituted -10 + 2x fory
dx + 30 - 6x = 16 multiphied
~2x + 30 = 16 added like terms
2y o= -4 added 30 to both sides

x=1 divided both sides by -2
To finish the solution, we can use either of the original equations (o solve for y.

Usmvg BEquaTion {(s) UsinG EQuation (b)

2 -yw= 10 4x - 3y = 16
X7 -y=10 47 -3y = 16
4 -y=10 28~ 3y =16
-y =4 3y = -12
y=4 y=4

Thas the solution is the ordered pair (7, 4).

example 59.3  Use substitution to soive forxand v: (a) [4x — 2y = 38
] ‘12: +y =25

solution  We will first solve equation (b) for y and then substitute the resulting expression for y in

equation ().
2r 4 y=25 equetion (b)
=2r 0 - added ~2x to both sides
y=25-u
Now we substitute 25 — 2x for y in equation (a).
Ay - 2p = 38 equation {a)
dx = 225 - 2x) = 38 substituted 25 ~ 2x fory
Ar - 50 4 4y = 3R multiplied
8x = 88 samplified
x= ] divided both sides by 8
To finish the solution, we can use either of the original equartions to solve for y.
USING BQUATION () Usmg EQUATION (b)
dx - 2y = 38 A +y=25
A1) - 2y = 38 2(11) + y = 25
44 ~ 2y = 3§ R+y=125
=2y = -6 y=3
y=13

Thus the solution is the ordered pair (11, 3),

practice Use substitution to solve for x and y:

{x =3y = 7 4x - y = 41
& {%-3y=4 b. {2“;'925
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problem set . The store ownee gave a 35 percent discount, yet Joe and Carol still bad to pay 3247 for
59 " the camera. What was the original price of the camera? Dmw a diagram as an aid in
solving the problem.

2. The weight of the clephant was 1040 percent of the weight of the bear, If the elephant
. weighed 20,800 pounds. what did the bear weigh? Draw a diagram as an aid in solving

the peoblem.
3. The gallimaufry contained things large and small in the ratio of 7 to 2, If the total was
1098 lrems, how many were large?
4. Giventhesets A = (-3,-2, -1}, B = (I, 2,3}, and C = (-1, 1,-2,2, -3.3), are
4 the following statements true or false?

() -3 A by -2 8 € 28 C @d 1¢C
;f; Write a conjunction that describes this graph.

4 0 1 2 3 4 5 6 7

6. 2.625 of what number 5 8.006257 2. If gln) = —+x, find g(9)
’8'. Solve: 1.591 + 0,003k — 0.002 + 0002k = —(0.003 - k)
Simplify:

1
9, X 9, 24V
&n ) 1

-

Use substitution to solve for x and y:

.
wr

1 2x =3y = 5 x+2y=95
e jx=-2y-8§ % (3x -y =1
Graph these equations cn a rectangular coordinate system:

I -
oy I 4y
Add:

- -~ b m m
15, ==+ & 16, +m
i ath b W kikvo) K
Add. Write the answers with all exponents positive.
lz bx + ¢y} 18 x‘lay'z - B!
“n

1'9& Add. Write the answer in descending order of the variable:
4x? 34 5) - 207 # 2% - a) - (24 -3 + 4% 4 3)
;'e; Multiply. Write the answer in descending order of the variable: {(-5x — 2X-x + 4)
,2._.',; Factar the greatest common factor of 12’.x‘yp3 - 413y2pz - 8xzp2)2,
Simplify. Wrile the answers with all exponents positive.
p, Y02
TR CR
.2& Expand by using the distributive property. Write the answer with all exponents negative.

(4p% _am) ph
lm’b’ abip | 4~

2. (4x"y%m) (25" m )"
"
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25,

“n

“n

27

aw

L]

29,

&)

Simplify by adding like terms. Write the answer with all exponents positive.

4(a-p? )" " 22ab? 5a%a~1p0 7“(-'2""05)"1
X 0 e - m—gTTyT
a'b? (a ‘b)_i (ab ’)T a™tht
Evaluate: .r"y'z - .1‘2) -3 if I =2y =3 and 6 « 5y = -4

T

Simplify: 2001 - 4] = (<3)°}1 — 5| - 4%)1 - 6| + Y27

Find the area of this figure in square 150 cm
meters. Comners that look square are
square 06m 60 cm
03m
40cm

Find the aren of the shaded portion of
this parallelogram, Dimensions are in
inches.

Find x and v
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305 75.A4  writing the equation of a line

LESSON 75

75.A
writing the
equation
of aline

Writing the Equation of a Line « Slope-Intercept
Method of Graphing

We rememsber that the graph of a vertical line is evesywhere equidistant from the y axis. In the
figure on the left, every point on the line A is 3 units to the left of the y axis, and the equation
of this vertical line is

X = =3
Every point on line A satbsfics the equation x = —3 as every polnt on line A has -3 as its ¥
coordinate. The y coardimate can be any real number sknce there are no restrictions on it. Every
point on hine B has 5 8s its x coordinate, so the equation of line 4 is

x=95

The graph of every vertical line on the coordinate plane has the form

ro= ok

where k 15 the value of the x coordinate of any point on the vertical line, Note that & can be
either positive or negative.

~
- e

H - - &
| : re
1 1. | Il
14 t 4
: SN [ A
| N 8 i | IC
| b | T [
+ 1 1= { 1 1t
1 | | |
% X X
wb =5 =t 19 1 T 4 £-5-46-3-2-19 1 4
3 =1 I [ T T ' T
N'“A 24— | 1 l -2 :
oy <3|+ D R N S
| B Ol ! ]
- -4 - - -
1 MR ;

The graph of a honzontal lize i3 everywhere equidistant from the x axis. Every point on
line € 15 2 units above the x axis, and the equation of this line is

y=2
Every point on line € has a y coordinate of 2, and so the equation of line Cis

y=2
Note that there are po restrictions on the value of the x coordinate, so the points on the grph
of the line y = 2 are those points whose x coordinates can be any resl number and whose y
coordinates must be 2. Applying similar reasoning, note that every point oa line D has —4 a5

its ¥ coardinate, 50 its equation is

y=-4
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intercept

exampla 75.1

solution

306 Lesson 75

If we use k to represent the value of the y coordinate of any point on a botizotsal line, we
can say that the equation of a horizoatal line is

y=k

Thus, we see that the equations of vertical and horizontal lines can be determaned by
inspection. Thess equatons contain an x and one number ar a y and one number.

X=+5 X = =3 y = +2 y = -4

The equation of a linz that is neither ventical nor horizontal cannot be so simply writtes,
However, the equations of thes: lines can be written i what we call the slope-intercept form.
The following equations are equations of theee different lines written in slope-intercept form,

(@ y = -6 42 qh),.:%;-s «) y = 0007x + 3

We note that each equatson contaiss an equals sign, a y, an x, and two numbers. The only
difference in the equations is that the numbers are different.

We use the letters e and b when we write this equation without specifying the two
numbees.

ymmx b

Since the equation of any line that is not a vertical line or a horizontal line can be written
in this form, the problem of finding the equation of a given line is reduced to the problem
of finding the two numbers that will be the values of m and b in the equation.

In the slope-intercept form of the equation y = mx + b, we will call the constant & the
intercept of the cguation because & ks the y coordinase of the lime a¢ the point where the line
intercepes the y axis. Note that b is the value of y when x has a value of 0. The figure shows
th graphs of two lines, Line E intercepts the y axis at +4, so the intercept b in the equation of
this line has a value of £, Line F intercepes the y axis a2 <1, so the intercept b in the equation
of this line bas a value of -3.

¥y
FE”"'Q H‘ir-'éﬂ’“
o2y 1SS
. N
Al S e A
$35-40-210 12 X
RS SE
*;-%—v-s
F AN

Find the y intercept of the line whose equation is y = 3x - §,
The equation of the line ¥ = 3x — 5 is written in the form y = mx + b. The constant b is
the y intercept, 50 in this case, the y intercept is <8,

Asother way to solve this problem is to remember that the y intercept is the y coardinate
of the point of intersection of the line and the y axis. In other words, the ¥ intercept is the value
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307 75.A  writing the equation of a line
of y which satisfies the equation of the line when x is set equal wo 0. Setting © = 0 in the
equatson of the line, we get
y=30) -5
= -5

Therefore, the line intersects the y axis at =5 and the y imercept is -5

example 75.2  Find the y intercept of the Jine shown.

solution  The line shown intersects the y axis at y = 5, so the y intercept is 5.

slope In the slope-intercept form, ¥ = mx + b, we call the constant m the slope of the line.
Thus, in the equation y = -2x + 6, we say that the slope of this line i -2 because the
coefficient of v is -2, We note that the slope has both a sign and a magnitude (absoluie
value). A line represented by a line segment that paints toward the upper right-hand part of the
coordinate plane has a positive slope. A line represented by & line segmeat that points toward
the Jower right-hand part of the coondinste plane has & negative slope. As a mnemonic o help
us remember this, we will use the little man and his car. He always comes from the keft-hand

side, as shown here.
¥ ¥y
9 ]
iEE ! ~
BP4N 4 4l —
LA A SN
- x ™~ k ~ X
4 € LN E 4 -3~ 1
131 N H\ Q&
T =¥ n 3 -3 ~.
- TN
111 |
Positive slopes Negative slopes

The little man sses the first set of lines as uphill with positive Sopes and the sacond set of lines
as downhill with negative slopes.

10
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The magnitude, or absolute value, of the slope is defined to be the ratio of the
absolute value of the change in the y coordiniste to the absolute value of the change in the
x coordinate as we move from one polnt on the line to another point on the line.

| = fchange i y|

jchange in x|

The figure on the left shows the graph of a line that has a negative slope, To find the
magnitude of the slope of this line, we arbitrarily choose two points on the line, draw a right
triangle, and label the bengths of the triangle. This has been done i the figure on the right.

-

!
—t>u.$v2 -
|
|

-

A

“

-

o

~

&

;
.
x

The length of the horizontal leg of the tnangle s 4 and is the difference of the x
coordinates of the two points. The length of the vertical leg of the tangle i3 2 and is the
difference of the y coardinates of the two points. Since the magnitiede of the slope is the ratio
of the absolute value of the change in the ¥ coordinate to the absolute value of the change in
the x cooedinate, we see that the magnitzde, or shsolute value, of the slope of this line is 5.

change in y 2 _
Il = | nge in ] il = b

’ |

We call the change in x the run and the change in y the rise. Using these words, the magnitude
of the slope can be defined as the ahsolute value of the rise over the absolute value
of the run,

_ lisd _
[Stope| = - o |

[ " Jrun)

The genersl form of the equation of aline is y = mx + b, and to write the equation of
this line, we need to know (1) the velee of the intercept b, (2) the sign of the slope, and (3) the
magnitude, ar ahsolute value, of the slope. We see that

1. The y coordinate of the point where the Hne intercepts the y axis is -2, so
b s 2

2 The line points te the Jower right and thus the sign of the slope is negative.
3. The magnitde of the slope is 3, which is equivalent to 5.

11
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So the equation of this line is

example 75.3  Fiad the equations of the lines graphed in the sccompanying figures,

-«
~

o
——

1

o] e s e

o

sofution  The desired cquation is y = mx + b, and  The desired cquation is ¥ = mx + b, and

we need o find m and b, we peed w find m and b,
By inspection, b = 43, By inspection, & » -2,
By inspection, the sign of m is -, By inspection, the sign of m is +.

Now we need to find the magnitudes, or absofule values, of the slopes. We will srbitranily
choose two points on cach of the lines, draw the right triangles, asd compute the slopes.

Y Y
8
5 5
3 g :l‘ _‘ -+
Thh4-§ |10 1 4= * Gs-¢a2-10 1 O *
X i 4
6 8
=93_3 - 4_1
M_6_2 b 8 2
So k=<3 and m = -3 Sob=-2andm=+L

Using these valuesin y = mx + b yields Using these valoes in v = mx + b yields

3 1
= -—x+3 oy -2
T 72

12
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75.B

slope-
intercept
method of

graphing

exampie 75.4

solution

310 Lesson 75

Thus far, we have graphed a line by finding eedered pairs of x and y that lic on the line. To
graph ¥ = ~3x + 2, wechoose values for x and wrile them in a table,

x| 015 |5

y

Then we use each of these numbers one at a time in the equation and find the comesponding
values of y.

x 0|53 |-5
y 2 |-1] 5

We finish by graphing the cedered pairs on the coordinate system below snd drawing the line.
¥

— 111181

ﬁ

This method is dependable, but it is time-consuming. We can use the slope and the

intercept of the line to get an accurate graph i less tme. We will demonstrate this method by
graphing the same line again.

Graph y = --§r b2

We begin by writing the slope in the form of a fraction that has & positive denonunator. If we
do this, the denominator will be 4.5 and the numerator will be -3,

y-l—ix-o2

Now we will graph the line in three steps, as shown below. As the first step, we grsph the
imercept (0, 2) in the left-hand figure,

¥ ¥ ¥
o T -
n gl &
% 2) ??.- -EI...._
=i 4 * == x ~3r £
-2 2|
' 4 L
-4 | 4
1 N 3
4 _el

Now in the center figure, from the intercept we move to the right (the pasitive x direction) a
distance of 5 (the denominator of the slope repeesenting the “run” ), Then we move up or down

13
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axample 75.5
solution

an 75.8  slope-intercept method of graphing

the distance indicated by the sumerator of the slope. We move down 3 since our sumerator is
=3 and the numerator represents the “rise,” We graph this new point, ard in the figure on the
right we draw the line through the two points,

Use the slope-intercepe method to graph the equation x ~ 2y = 4,
As the first step, we write the equation in slope-intercept form by solving for y.
X-2y=4 — lHh=-x+d4 —~ Hy=x-4 — _y:%x-Z

Now we wnle the slope a3 a [raction with a posstive denaminator.

+1
i +2 vl
In the figure on the left we graph the intercept (0, <2). In the figure in the middle we move from
the intercept a borizontal distance of 42 (to the right) and a vertical distance of +1 (up). In the
figure on the right we draw the line through the two paints.

1 4 ¥y ¥

4 'y

J 1 4

N |

2 2

= s 5 * =3[ N

—2412.-2) -j'i - 41

rp -4 -4
4 4 '
-6 -0‘ 8

When the points are close together, as in this case, it is difficult © daw the line
uccurately, To get another point, we multiply the denominatar and the numerator of the slope
by a convenient integer and use the new form of the slope to get the second point. For the line
under discussion, we will multiply the slope by 2 and get

8 ) B
+2 (2) +4
In the figures below, we use the same intercept but move an x distance of +4 and 2 y distance

of 42 o find the new paint.

¥ ¥y ¥
4 4 d
! ANE . . 4
al &
|
2f - a
|
4 * FAE el X - e x
~24 (0, ~2p+11 - B & ol -4
L il 4
-l -d. -
4 i B
Find the equations of thess lines:
Y y
N 4 | 1’1
: P H
it b -4 m#
!’! “’?4’ N |
-d-i-li N ~f=a= L *
2 AT
THAH “H
L |

14
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problem set
75

312 Lesson 76

Use the slope-intercept method to graph the equations:

e._v:—-‘;lx+2 £ S4+3=x

1. Richardson has a bag with 5 white marbles and 7 red murbles. A marble is drawn at
random and replaced Then another marbde i randomly drawn. What is the probatality
that the first marble will bz red and the secoad marble will be white?

2. The spinner shown s spun 4 limes.
What is the prodebalzly that the spanner
stops on 4, 2, 3, and [, in that ordes?

3. David has a bucket with 5 yellow golf balls and @ white golf balls. A ball is drawn at
random and not replaced. Thea another ball :¢ randomly drawn. What is the probebelity
tlsat both sre whate golf balls?

4. Three percent of the caterpillars metamorphosed into butterflies, If Ramona could count
120 busterflies, how many caterpillars had there been? Draw a diagram as an aid in
solving the problem.

5. Sekahers socked it w them, I 4800 were peesent and Sakahara secked 34 percent of
5 them, how many did be sock? Draw a diagram as sn sid in solving the problem,

Muhammad counted the tents and found that 784 were patched. If there were 1400 tents

6,
“ in all, what percent was patched? Draw a diagram as an 2id in solving the problem.

Find the equations of these lines:

7. ¥ 8. ¥
(1] 175

: o

AR B

I

i) X iy | -~ , 4 *

-2 2| !

S o

5 +H L

Use the slopz-intercept method to graph these equations on a rectangular coondinate system:

9, y=-3x+3 10 2y = -x +2

75 2 173

Write these numbers in scientific notation:

11 000123 = 107 12, 000123 = 10°

(74} 1

Factor these bimomials. Always factor the comumon factor first,

13, b7 -4t 14, 167 - @° 15, —m® 4 9t
[eal 21 )

Factor the trinomials. Always begin by writing the trinomials in descending order of the
variables and by factoring out the greatest comunon factor,

16, x* + 3x - 10 17. 4x 4 x* =21
1) G

18, 5x% - 15x - 50 19, x% - 3? & 2
o (t]

2. I180x + ¥) + 920x + ¥) + z2f,x + ¥)

?.’gJ (m + a)x? 4+ Xm + a)x - 18(m + a)

15
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22. Usc climination to solve: 23]. Use substitution 1o solve:
(67) el
{d.t - Sy = -] ".\'Q + N, = 25
2x + 3y 5 v - N
! ) l\(}. = .\f‘,) + 3
Simplify:
24, 15412 - 30418 + 24300 25, e - Y232
¢e) (i9) -3 2
-2.,0¢ ~2y2 12 -1 -1
X ) 1
o AHGY p e

i R T
28. Solve: 2.2v - 0.0x + 0.02x = =2 - 0.12

.’.? Find the area of this figure. All angles
%) . . .
are right angles, The dinensions are in
inches.

A right circular cone has a base of
radius 4 ft and a slant height of § i, as
shown, Find the surface arca of the
right circular cone,

16
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418 Laesson 99

LESSON 99

example 99.1

solution

example 99.2

Uniform Motion— Unequal Distances

Some uniform motion prodlems tell us that one person or object traveled & distance that is
greater by a specified amount than the distance traveled by another person or object. The
distance diagram for these problems ususlly takes one of the following forms:

In the picture on the left, both started from the same place and £ went S0 farther than A, In the
picture on the nght, A started out 50 i front of P, and they both ended at the same place. In
either case the distance that A traveled plus 50 equals the distance thar P traveled. The distance
equation for both dingrams is the same.

Do+ 50 =D, 30 RT, + 50 =R,T,
ALE p.am. Achilles left camp and headed south 3t 20 kilometers per hour, At 10 pm. Patreclos

headed south from the same camp. If Parroclas was 30 kilometers shead by 3 am., what was
his speed?

Since they had the same starting point, both arrows begin at the same point. Patroclos went
farther, 5o his arrow is longer.

(9]
A 50

Op

Pattocios weat 50 kilometers farther, so we write the distance equation as
DA + 50 = D,,

arc we substitste R T, for D, and BT, for D, to et
R,T, = 50 = RpT,

We reread the problem to get the mte and time equations,

R, =120 Ty =7 Tp=35
Now we solve.
(200(7) + 50 = R,.(S] substituted
140 + 50 = 5R,, simplified
190 = 5K, simplified
=385 giided
F hr

Rackel bas a 15-kslometer head start on Charlene, How long will it take Charlene to catch
Rackel if Rachel travels at 70 kilometers per bour and Charlens travels at 100 kilometers
per hour?

17
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solution

example 99.3

solution

419 Lesson 99  Uniform Motion—Unequal Distances

Rachel began 15 kilometers shead asd they ended up in the same place, 5o the distasce
dizgram is

D,
15 A

O¢
We get the distance equation from the diagram &s
15 + Dy = D
and we replace D, with BT, and D with R.T o0 get
15 + ReTp = BT,

Then we rercad the problem 1o get the other three eguations

R, =70 R. = 100 T =T7¢
Now we solve,
15 + T()’TM = 1007, substituted
15 + 70T, = 1007, weed fact T, = T
15 = SIJT(._ simphfied
L divided
2

So Charlene will catch Rackel in § hour,

Harry and Jennet jog around a circular track thatis 210 meters long. Jennes's rate is 230 meters
per minute, while Harry s rate is only 200 meters per minate. Is how many minutes will Jennet
be a full lap ahead?

This problem is simpler :f we straighten it out and get the following distance diagram.

Dn 210
0,
We pet the distance cquation from this disgram as
D, +210=0, 50 RyTy + 210 = R, T,

The time equation 1 T, = T;, and the rate equations are R; = 230, Ry, = 200, Thus the
four eqquations are

Ryl + 210 = RT,  Ty=T, R, = 230 Ry, = 200
We use substitution to soive.
2007, + 210 = 2307}, substituled
210 = T, simplified
7 minutes = T, divided

Thus T; = Tminates becaise T, = T}y Therefare, Jennet will be a full lap shead of Harry
in 7 minutes,

18
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practice

problem set

420

a.

1.
o

.
[SL])

Lesson 93

At 5 am. Napoleon headed south from Witerdoo 2t 4 kilometers per hour. At 7 a.e.
Wellington headed south from Waterloo. If Wellington passed Napoleon and was
20 kilometers ahead of Napoleon & 2 pm., bow fast was Wellington traveling?

Helen has a 4-kilometer head start on Paris. How long will it take Paris to catch Helen if
Helen travels 2t 6 kilometers per hour and Peris travels at § kilometers per hour?

Remis and Julia jog around a cireular track that is 500 meters loag. Julia's mte is
250 meters per minute, while Ferris's rate is only 230 meters per minute. In how many
minutes will Julia be 1 full lap ahead? Begin by drawing a diagram of distances traveled
and wrting the distance equation.

Eleanoe started out at 60 miles per hour at 9 a.m., two hours before Alexi started out to
catch her, If she was still 60 miles ahcad at 3 p.m., how fast was Alexi driving? Begin by
drawing i dagram of distances traveled and writing the distance equation.

The product of 5 and the sum of a aumber and -8 is 9 greater than the product of 2 and
the opposite of the number. Find the number.

4. When the car overtumed, the jar broke and spalled 450 nickels and quarters all over the

“ey

G

L

Use 1

.
157

10.

e

11.
154

12,

L)

13.
1)

freeway, If their value was $62.50, bow many coins of each type were there?

When the nurse gave the shots, she noticed that 34 percent of the people winced and the
rest were stalid. [F 3300 people wese stolid, how many shats did she give?

Bobby and Joan found four consecutive integers such that 5 times the sum of the sccond
and third was 6 less than 7 times the first. What were their integers?

he Pythagorean theorem to find the unksown kengths in the following right triangles:
8. . f
d & oy
4 a 12 3
7
7
9

Given the paints (4, 3) and (7, -2):

(2) Find the slope of the line that passcs through these two points.
(b) Find the distance between thess two points.

Given the points (4, -2) and (-2, 3).

() Find the slops of the line that passes through these two poins.
(b) Find the distance between these two points.

Given the following five functions:
i) = ¥ 2x) = x* hix) =x  kix) = it plx) = -
Identify the function whose graph most resembles the shape shown.

@ / () /_/ © \ @ \/ © /\

Use the difference of two squares theorem to find 21l the solations to the following
equations:
(8) x* =64 by x* =32 © #=1

2 .2
g 1 +28 P ex-12
Simphty: = st - Ix2 - 10x

19
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421 problem set 99

15. Solve by factoring: §1 4x?
o

16. Indicate whether the following numbers are tational numbers or irmtional numbers

B
L= — , s
(2 03 (by Ji2 +4 () J9 -4 (dy =
b
17. What is the domainof f{x) = V3r — 47
L
18. TFand the equations of lines {a) and (b) y
199
Tt -
T
) { ¢ : af
ng ’\‘;“ .
=51 -4 I\ 2
TN
4 4 .
L l FNH
L1 3L gl LN
19. Divide: (x* = 4) « (x - 4)
Simplify:
20 32 - 43 - 5{12 + 28 2L W2(5V2 - 442)
(oY (&0

. =x-4
22. Solve by graphing and check .[) ) N
an |y =-x+2

23, Graph on & number line: -x - 3 < 2; I = {Reals)

(22,000 x 1077 N500)
24, Simplify: ( —— ’._i _l D" X TR
L (0.0001 (0002 = 10°7)

X 3 2 » p+ 2 1
28 Add S 42Xt 26. Solve: £ -1 -
[0 x + 4 X 2 T 6 4 3
. 0 0 ' . ar
27, Evaluate: —x%y(y ~ £7) ~ 2%y if 2¢ = -4 and y = 3-64
s
1 a2 " Y
. =2p*a* - p*a ) 3¢
. Simplify: (@) —2E TP (0] -
(f2 8 U] —p‘a _,(._3:,“‘

29. Find the surface area of the sphere
Al .
" shown whese radius is 4 cm.

g? A base of the right peism 10 meters high is shown. Find the volume of the right prism
AN angles are right angles, Dimensions are in meters

6 4
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Algebra 2, Lesson 50
Sample taken from Algebra 2 (Third Edition), page 217

50.B  completing the square 217

LESSON 50 Quadratic Equations + Completing the Square

50.A

quadratic A quadreatic equation in onc unknown has the number 2 a5 the highest power of the
equations variable. The highest power of x in each of the theee equations shown here is 2,

2 y 2 2 2 q
X = ~do + 2 r-3=x" X+ dx-1=1

s0 these equations are all quadeanc aguatons, We have solved guadratic eguations thus far
by two methods. To wse the first method, we lactar and then use the zero factor theorem. To
review this method, we begin with the eguation

Srr-2=40

First we factor and get

(x + 2)(x =
and 1bsen we set each of the [actors equal (o 2000 and solve

Hx+2=0 Hxel=0D

X m=2 e |

The ather method can be used when the equation is in the form
x-2%=3

We can solve equations that are in this fonin by taking the square root of both sides and
remembering the < sign that appears on the right,

{fx -2y =3 cijuation
-2 = 23 aguare root of both sides
x=22413 added +2 10 both sides

50.B

completing the Unfortunsely, the factoring method cannot always be used, bacause some equations cimnot

square be factored into binomials whose constants are all mtegers. For example, the equation
A 4Ax-2=10
canpot be factored. The inability t factor some quadratic equations is ofTset by the fact
that any quadratic equation can be rearranged into the form
(x + a]"‘ =&

and then the equation can be solved by taking the square root of both sides, as we have
Jual demonstrated. The method used o accomplish this rearrangement is called compheting
the square. [[ we rearrange the equation

2
Cedr-2wml

X
by completing the square, we can change the equation into this form
(xe2=6
which we can solve by taking the square root of both sides.
X+ 2= 106 aguare root of both sides

r= -2 %6 added =2 w0 poth sides

22




Algebra 2, Lesson 50

Sample taken from Algebra 2 (Third Edition), page 218

218

example 50.1

sofution

Algebra 2 Lesson 60

To complete the square, it is necessary to remember the lorm of o trinomial that is the
squarc of somce binomial. On the left we show severl binomials, and on the right we show
the winomials that result when the binomials are squared,

2 2

(a) x+ 2 (&) (x+ 2 =2° +4x + 4
by x-35 () {x - 5% wx* = 10w + 25
(€} x-06 () fx- 6% = 2% ~ 12¢ + 36
(d x+8 (d) (x+ 8 =%+ l6x + 64
(e} x-3 () r=-37 wal —6x+9

In ench of these examples we note that the last tevm of the trinomial is the square of
one hall of the middle term of the trinomial. Thes,

>

LAST Trrm ('1 MinpLy Truu).
\2
In () 4 i [ %J
in(b') 25 i (Q
X ) 12 \2
nic) 16 is [ 2
. 161?
In (' 64 . R
n(d') i% L\ 2 )|
2
Inf(c") 9 is [—g J

This paltern occurs every time we square a binomial, There is nothing to understand,
It happens, so we will remember it and use it, This pattern Is the key to completing
the square,

Thus, i’ we have the expression
x4 10y + 7

and ask what number should replace the question nsark if the trinomial is to be the square of
some bunonmal, the answer 15 25 becanse

(3)-

b Mo+ 25

12

So the complated expression is

Thus, the binomial that was squared o get thes result b wbe x + 5 becans

2

4 5P = xt 4 10k + 25
Solwe x% + x — 4 = 0 by completing the square,

We want to rearrange the equation into the form
(x + a)2 =k

We begin by enclosing the figst two teems in parentheses and moving the -4 to the right-hand
side &8 +4,

(x" +6x j=4

23
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50,8 completing the square 219

example 50.2

solution

example 50.3

solution

Note that we left a space inside the parentheses. Now we want to change the expression
inside the parentheses so that it is o perfect square, To o this, we first divide the cosfTicient
of x by 2 and square the result

\2

¢ -
2
Then we adl thas number a bath s1des of the equation.
(P ebra9) =449
Now the left-hand side can be written 3s (¢ + 3)% and the nght-hand side as 13,
(r+ 37 =13

We finish the solution by taking the square oot of both sides and remembering the £ sign
that will appear oo the right,

v+ 3= %013 square root of bath sides
y= =3+ 13 added -1 1o bath sides

Solve 2¢ +x* = § = 0 by completing the square

We want 10 change the foem of the eguation 1o
o+ a) =k

We begin by maving the constandt teom o the right-hand side and enclosing the other two
terms in parentheses, We leave a space mside the parentheses.

(s 2x )=5

1 .
Now we square = of the coefficiem of x

i

el add it 1o both sices
e e ) =540
The left-hand side i3 & perfect square, and the right-hand side is 6.
(x = I)? =46 simplafied
x4+ 1= 26 square root of both sides
-1 246 ackled -1 to both sides

x
Solve x* = Sx - § by completing the square.

We begin by placing the constant tenm oo the right and enclosing the other two terms in
parentheses, remembering 10 leave a space in the parencheses.
(x2 - 5x )= -5

Next we divade -5 by 2 and square the result.
3y~
2 4
25 .
Now we add vy 10 both sides,

2 2%
(xz—51+'—s)=—§~:
\ 4 4
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220

Algedva 2 Lesson 50

Next we write the left-hand side as a perfect square and simplify the right-hand side.

-

i 5 3 B
[.\ - 5J =2 simplified
5 5 .
A= o= JI syuare ool of both sides
I5
1 = 2 t“l:— mdcdimbcxhsodcs
2 4 2
=
X = S35 simplified
2 2

practice  Solve by completing the sguare: 1% = 9x - 7

problem set 1.
50 (2]

.
)

T Y

"

The Two-Steppers were good reeruiers, 45 they numbesed 1) more thun 5 times the
number of the Waltzers, Also, theee were 10 times as many Two-Steppers as Waltzers,
How many of each were there?

The first part of the tip was ina surrey at 8 mph, and the last part was in a buckboard
at 12 mph. If the total tip was 104 miles and ok 10 hoars, how much of the trip was
mixle in exch type of carriage?

What is the weight of the sodivm (Na) in 348 grams of NaCl (Na, 23; C1, 35)7

Richard and Lynn found three consecutive even inegers such that 7 times the sum ol
the first and third was 48 Jess than 10 times the sccond. What were 1he integers?

Hadrian's sokbers increased their wall-bailding speed by 140 percent. [F their new
spead was 432 inches per day, what was their old wall-building speed?

Solve by completing the square:

6, 1+ 8B -4=0 7. 126+ 2% -5=0 8§ *=Tx-1
(L) Ny oy
rz; Fisdd the equation of tis line. lq. Fimd smgle C and ssde M.
]
¥
T ¢
+b
Tl M
-y o~ . x
7
|
i 8
iy O
H = R
S
Solve:
11 vrxz-4x+20=x+2 120 -5 = ~Jx+5 +1
148y o
]“Q; Use unit multiphers 1o convest 400 yards per second to miles per howr,
Simplify.
4. Y232 15, Jo3
146) “a
16. qul)" %}‘mz)-z 17 SJE 4 ?.JE - -.(23?
144 [ 11 3
. {746,800 x 10" (703,916 x 10%)
1"8,; Estimase: 500,000
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0 Yo ’) 4 3r -
- Mo . 2 o <
19. Finde: 3 200 Fid pr = = — = LS
oy D r fn X P e

. I
21, Finde 22. Divide 47 + 3x ¢ Shy 2x - 3

C
=T o
— | ]
24 8
23, Solve x* - 28r = 3x® by factoning.
(B
Simplify:
x% 4+ 49 - 14x
ot 13 e 42y
25 a4yl
(2"
26, The volume of & prism whose base is %5
v e on
™ shown is (600 - 507) cmy. Find the \ >’
beight of the prsm. Dimensions are in B 10
centimeders /
20

27, Find the equation of the line that passes through (-2, 3) and is perpendicular to the line
1 Sy = 2
-y =2

28, Find he dustance between 1he paints (=3, 5) and (-3, 7).

1y
29. Solve -2V - x - 3) = -2V - 3| = x - A-2 - 4)
N
] -2 0, -5.2 4,21
) - R s IxTy*
30. Multiply: ~——- —— - 3
4 P\ y~ - e )
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Sample taken from Algebra 2 (Third Edition), page 335

81.8 products of complex conjugates 335

LESSON 81

81.A
complex
numbers and
real numbers

81.B
products of
complex
conjugates

Complex Numbers and Real Numbers +
Products of Complex Conjugates *
Division of Complex Numbers

A comglex number is a numbes that has a real part and an imaginary part. When the real part
is writien first, we say that we have written the complex number in standard formn Thas,
the general expeession for a complex number in standard form is

o+

The lotter a can be any real number, and the letier & can be any real number. Al of
these numbees

! - .l': 1 :\
{a) =2 + 3 (h) ‘_-.' + 2 ) 3 =,
5 ¥2

are complex numbers in standard form, because all the replacements for @ and & are real
numbers. 1 @ equals zero, the number does not have a real part, Thus, the following nambers
are complex numbers whose real parts equal zeto
23
Ny \ 5 . 23
(d) +3¢ {e) +24 4 {f) ——i
V2
If the coefficient of the imaginary past of a complex number s zero, we gel a complex
number that has only a real pant, such as the following:
(i) 3

() 2 (h)

e L3
2
2
Thus, we soe that every real number is a complex number whose imaginary part is zero, and
every imaginary number is a complex number whose real part is zero. Thus, the set of real
nambers Is a subset of the set of complex aumbers, and the set of imnginary numbers
is also @ subsct of the set of complex numbers.

The complex number
4 -3
5
15 2ol in standard form, because s notin the foorm a + & However, it takes only a slight
change to write it in standard foom &s

| &
ol

We have noted thal the product of & two-part number and its conjugate has the
» 3
form a* - b*.

a +b I+ 52
a_—b 3 - 542
u’! + ab G s I,‘.\}E
= ab - bt 15\5 - S0
a - b " T
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Sample taken from Algebra 2 (Third Edition), page 336

336

81.C

division of

complex
numbers

example 81,1

solution

Algebra Z Lesson 81

If we multiply a complex number in standard form b4y 15 COnjugate, we get an answel
> . 3 »
in the form @ + &% The sign change betwesn ¢ and b~ is cansed by the presence of an
i factor in the scoond part of the product.

a + b I+ &
@ - b I - &
a® + abi 9 4 12
— abi - pit - 12 - 16
ot v bt 9 + 16

We naote that peither produsct his an imaginary part. We will find that we can nse this fix1 o
elimnase the ¢ factor in the denoimanatar of 4 fraction of complex numbers.

The notatson

indicutes that x* - 2x + 7 ks 10 be divided by & + 3. There s & formal axl a procedure
we can use 10 perform thes division.

X+ 3xt - 2 7
x? 4+ 3x

- i\‘ s 7

- Sx - 1§

n

. . - 2%+ 7 22
By vsing thes procedure, we find thal s
L

If we encounter the expression

we see thar this notatice sndicstes that 2 + 31 is 10 be divided by 4 — 24 Unfortunately,
there Is no simple format or procedure that we ean use o perform this division,
However, we can change the form of the expression by multiplylng above and below by
the conjugate of the denominator, The resulting expression will have a denominator
thit is a real number.

2+ 3
-2

Simplify:
We con change the denominator to & rational numsber if we multiply above and below by
4 4+ 20, which is the conjugate of the desominator.

243 4+ 2

4-2i 4+

We have two multiplications indicated, one above and one below. We will use the vertical
formal for each multiplication.

ARCVE Becow
2+ X 4 - 2
44 AU 4+ 20
8§+ 14 16 « 8
+ 40 + 6F + Bi ~ &t
B l6i-6 =2+ 106/ 16 +4 =20
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problem set 81 337

oxample B1.2  Simplify:

Thus, we can write our answer as
24168 1+ 8i
0 w0
This snswer is oot in the preferved form of a + bi. We can wiate this complex aumber in

stanclard form if we write

4 - 27
21-1

L

sofution  Although it is not necessary, we will begin by writing the denominator in standard form &
4 -0
32
We can change the denominator 10 & real number if we multiply above and below
by -3 - 2.
4-2 <3-2i

We lave two muliiphications 1o perfeon.

ABOVE Buow
4 -2 -3+ N
-3 - 2 -3 - U
-12 + & 9. &
-8+ 4l + 6= 4
=12 - % «4& =6~ 9 +4 =13
Thuss, the new foem of the expression is
=16 - 2i
13
whisch can e wiiteen i standard fonm as follows:
62
13 13
practice Sunplify:
. 2+ b, 2~- 2§
335 2 ~-2

problem set 1. Monkeys vasied dircctly os turtles squased, Whea there were 2 turtles, thene weee

81 ™ 100 monkeys. How meny monkeys were there when there were 5 turiles? Wark the
peoblem ance using the direct variation method and again using the equal ratio method.
2. The number of macaws vanied invessely as the number of spes squared. Whea there
" were 4 macaws, thero were 10 apes. How many macaws were there when there were
only 2 apes?
3. Roger made the 375-mile trip in 10 houss fess than it took Judy. This was becsuse he
M traveled 3 times as fust as Jody traveled. How fast did each travel, and for how Jong
did each travel?

4. Witllocoodes bas one solution that is 10% glycol and another that is 40% glyeol. How
"7 much of each should she use to get 200 liters of solution that is 19% glycal?

5. The curmudgeon chortled with glee when the results were announced, because only
0% had made it 16 1120 lsd pol made it how many had tried?
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338 Algebra 2 Lesson 81

Sumplaly

8, Find an angle whose supplement is 307 greater than 4 times its complement.
15

Solve
[ 3 S ar . [ E j
9. vx* X+ 30 -3 =y '?. yp - 48 = 12 - VP
1y
r 42y -2 =35
1. {2xr~y~-z =1
)
l, -3z =0
. Ja -2 ix
12. XA On A paint as 1L Add: — e
Find 1} <1l ] x* 9 =X
shawn, Find the resultant force
A
\ {
“
lB
=
5
7oA
l‘,,
1
Sunplify:
J2 -5 243 ~ | 142
4. - IS, —— " Lo
3 N2 -2 ] = 3403 ?h 3 = 42

17. Find xand y.
1331

] .\. 140
| " ]
|

P J
~ il |u

18. Begin with ax® + by = ¢ and  derive

the  quadmtic formula by completing
the square.

Simplify
2 .Xl’
19. 2a° - ——
0 1
i+
a

p . R . .
2, -9 - S22 4 22 -3 -2t

) - -
2
~X = =) O

21, Solve: {13 3

el

[0.15x + 001y = 034
22, Solve 1 = 2x7 - 3x by using the quadratic foomula,

23, Divide dx¥ - x + 2 by x - 4.
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24. Find xand

v
N
Simplify
25, 1 "I\-‘ 260. 21— - 345 320
|(~‘ [ 51)
v 3 2

27, Add + —

o2
28, Solve: -4% - 3" - 2 ) - WAy -5 =7

I
29, Find 1he distance between (<2, 8) and (5, -3)
30, Use a caleulator to simplify. Estimate first.

(2) Q0L X 10 m Yses
© 00071643 % 10718
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Sample taken from Algebra 2 (Third Edition), page 426

LESSON 103

example 103.1

sofution

Advanced Polynomial Division

We can divade polynoanials that have more than one variable by using the same method thit
we uee when only one variable is present,
- T‘ 1 By
Davide &7 4+ v'oy x + ¥
We use the format for long division.
v
o+ y)xt 4y

a2 'l )
a7 divided by x B8 17, 50 we record an 1 ” above

)
J?','l +y

and muluply x* by x + y and record.

-
5

—
X+ f,’l + ¥

3 2
X+ Xy

3

Now we mentally change the signs and add

l; —

P
) )xd .

x =+ ylx + )
1‘! + X7y

x* xy
1 )
4 j/)l_‘ + ¥
1 )
X~ 4 x°y
—
- Xy
2 2
-5y —Xy
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problem set 103

427

Finally, x¥* divided by x equals y*. We record 2 y? above and multiply to finish

2 2
X —xp 4y

X+ y,x': N + )'3
S XY
T
- xly - xy?
.\yf + _r:
xy? 4y

example 103.2  Divide x¥ - y by x - y.

solution

‘The procedure is the same, and the answer is the same, exoept that the sign of the middle ream

15 difTerent

practice Usc lang division (o divide

@

problem set 1.
108

N

2 2
T Exy 4y
X - y]t‘ -y
i 2.,
'~ xty
x‘y
Py -y
s
2
Xy© - y1
Re? 4 6ay? by 20 + dy b. 8x% ~ 647 by 2¢ - 4y

A 60 percemt mavkup of the purchase price wis necessary 1o pay (he rent, utilities, and
the workers and sull make a small profit. 1f an iem sold for $1424, what did the
storekesper pay forit?

Sister Bahy's boat could antain a speed of 18 miles per hour oo o lake, If the bont took
the same time 10 go 132 miles down the rver as 11 ook te go 84 miles vp the river, how
[ast was the current in the river?

Donna sook twice s long to drive 720 miles as Maple took to drive 200 miles, Find the
rates and tmes of both if Doana’s speed exceeded that of Maple by 40 miles per hour,
The initial pressure and temperature of & quandity of an xdeal gas was 400 millimeters
of mercary and 300 K. If the velume was held constant, what would the final
femperature be in kelvies if the pressure was increased o 600 millimeters of mercury?
David and Le Van found theee consecutive multiples of 11 soch that 4 times the sum
of the first and third was 66 less than 10 tmes the second. What were the numbers?

Use Jong division ta divide 27x% + 8y* by 3r + 2.

Find x and y. Then find the perimeter
of the triangle

x+ 15

y+8B

Find ab(2) where a(x) = x = 5; D = {Reals}, and b(x) = x> + 4, D = [Negative
integers ).

Complete the square as an ald in graphing:

9.

rey

.
10, y= x*+4x -6

v~ x4 Ay & 6
]
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428

Algedbra 2 Lesson 103

11, Graph on a number line: x + 3 2 5; = [Reals)

2 |
12, Find the number that is —= af the way from — o 2—
o 3 ’ 4 2
4y + 3y = 17
13, Use substtngon @ solve ~
ae I"\ - 3y = =5
Salve:
x4+ 2y+2= -1
] - | <
|r' +y¢ =6 ||*--.-7 = 10 f
14. 15. - - 16, {3x - v+ 6
s || Vo= 2 L] l;‘-.‘ -2y =5 £ .
- 21 - 3y 8
. T fy £ 1
17. Griph: <
|. e 1
18. Grph onasumber line: =3 € 0 — 3 2 4 0 = [Integers)
"
Simplify
.f i4a- 2 ] ‘ »
[ N — 21, Jxivt Uny
tEh W 2 m [ v
" +
l'l} -
wm
20 ¢ 0 2 -5 34+ 28
2. -- 23, N =
w { + 2 o Si¢ - 2f ~u s V20
25, The two vectors et on the point as
" shawn. Find the resultant vectar,
4
20° .~
P
B
~ F
- (& 1) Mi
26, Fidx :.l J—
i ¢ X P
27, Solve <z + 2 433 = 1]
A
Sunplify:
O I S & o v
28, 3 /= -2~ + 5/48 29, =16 = 4
h V3 4 o)
). In this diagram, AF = AC, angle A
A = 400, and BD is perpendicular 10 ‘,-\
AC at D, How many degrees are there ‘,f ‘\.

in anple DBC? / \
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Geometry, Lesson 15
Sample taken from Geometry, page 89

Introduction to Polygons

r .
[ Warm Up 1. Vocabulary A and B are the __of 4B,
%: How many endpoints does a ray have?

3. Classify cach of the triangles in the diagram by both sides and
%

" angles.
A /\
\
I\ \ ! N\

— S S - - -

. . . :
New Concepts A polygon is a closed plane figure formed by three or more segmenis, Each
' segment intersects exactly two other segments only at their endpoints, No
wo segments with a common endpomnt are collinear.

The segments that form a polygon are called its sides. A vertex of a polygon
is the intersection of two of its sides,

O d

(/A\ [ ) <\ —T

./ L/ — |

Not Polygons

 Rint s Sy : An .equlangulur pol,\.‘gon 1sa po]}fgou in whicll.all angles are congruent. An
equilateral polygon is a polygon in which all sides are congruent. If a polygon

Equilateral and . . : . ;

ea::;h::l; polygens is both equiangular and equilateral. then it is called a regular polygon. 1f

have the sama traits a polygon is not equiangular and equilateral, then it is called an irregular

asequilateral and pol)‘uon.

equiangular trianghes, as
A B ; C D
X /j ™

Introduced in lesson 13

o _Inthe diagram, polygons A and B are equiangular, Polygons A and C are

_ © Online Connection J equilateral. Since polygon A is both equiangular and equilateral, it is a
-com) - regular polygon, Polygons B, C and D are all irregular,

e A

Lesson 15 89
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Geometry, Lesson 15
Sample taken from Geometry, page 90

Polygons are named by the number of sides they have. The chart below shows
some common polygons and their names

Math Language Name  Sides | Regular Polygon [ Irregular Polygon
An p-gon |5 3 polygon |
with  sides. Problems Triangle 3 A ﬂ
may refer 1o o-gons
when the number of
sices of a polygon &
not knowen, o whin a Quadrilateral 4 D
sohution is desired for @l
possiole polygons
Pentagon 5 Q O
Hexagon O { > O
Heptagon 1 O :‘ D
Octagon 8 O D
Nonagon 9 O @
v O [ O
Hendecagon 11 O Q
Dodecagon 12 O {}

B 1 Classifying Polygons

Classify each pelygon. Determine whether it s equiangular, equilateral,
regulay, irregular, or more than one of these.

Polygon A has S sides, so it is a pentagon. It is equiangular but not
equilateral, so it is irregular.

O

Polygon B has 7 sides, so it is a heptagon. It is equilateral and irregular.
Polygon C is & dodecagon. Itis irregular,

Polygon D is a quadrilateral. It is equilateral and equiangular, 5o it
is regular.

20 Saxon Geomnetry
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Geometry, Lesson 15
Sample taken from Geometry, page 91

! Math Language

f The exteriorof a
polygon is the serof
ol ponts cutside a
pokygon. The interior of
2 polygon s the set of all
ponts insick a polygon,

A diagonal of a polygon is a segment that connects two 8

nonconsecutive vertices of a polygon. For c.\amplc, A

pentagon ABCDE has two diagonals, AC and AD, from

vertex A. Three other diagonals could be drawn: BD, BE,

and CF. E c
Diggonals can help determine whether a polygon is o

concinve or convex. In  convex polygon, every diagonal

of the polygon lies inside it, except for the endpoints, In a concave polygon, at
least one diagenal can be drawn so that part of the diagonal containg points

in the exterior of the polygon.

£\

Cormax polygon Concave palygon

If two polygons have the same size and shape, they are congruent polygons,

r’w Identifying Polygon Properties

Find a diagonal that contains points in
the exterior of polygon ABCD.

SOLUTION
Diagonal BD lies outside polygon A8CD,
except for its endpoints

Determine whether polygon EFGH is
convex or concave. Explain.

SOLUTION__
Diagonal £G contains points in the exterior of polygon EFGH. Therefore,
polygon EFGH is concave

@ Are polygons ABCD and FGHE congruent? Justify your answer.

SOLUTION

Write a congruency statement for all corresponding sides and i angles Angle
Pairs LA = £F, £B= LG, £C = ZH, and £D = ZF. Sides AB = FG, BC
| =G, Ch= AF, and DA = EF Therefore, ABCD = FGHE

At each vertex of a polygon, there are two special angles c
An interior angle of a polygon is an angle formed by
two sides of a polygon with & common vertex. An

exterior angle of @ polygon is an angle formed by one &

side of a polygon and the extension of an adjacent

side, In the diagram, ZCDA is an interior angle and v

LADE is an exterior angle. A &
Lesson 15 €«
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Geometry, Lesson 15
Sample taken from Geometry, page 92

lm Identifying Interior and Exterior Angles of Polygons

Math Reasoning For each numbered angle in the polygon, determine

whether it is an interior angle or an exterior angle,
Generalize How many

interior anghes does 3 SOLUTION

comvexa-gon have? Angles 2 and 4 are interior. Angles 1 and 3 are
How many exteriar -

wgles does a convex . extenor.

ngoen have?

—m Application: Tile Patterns

This floor tile pattern uses polygonal tiles that fit
together exactly.

@ Name the two types of pelygons used i the
pattern. Arc they regular or irregular? Explain.

SOLUTION

Square and octagon; both types are regular, because they have all sides and

all angles congruent, respectively.

@ Pick any pair of unshaded polygons. Are they congruent? Are they
convex or concave? Explain

SOLUTION

All pairs of unshaded polygons are congruent, because corresponding
sides and angles are congruent, Each unshaded polygon is convex, because
none of the polygon’s diagonals contain pomis in 1ts exterior.

Lesson Practice

a. Name each polygon. Determine whether it is equiangular, equilateral,
] . -
* regular, irregular, or more than one of these.

| T
OO

E I)». Find a diagonal in polygon GHJKL that contains points in the exterior
7 of the polygon.

¢, Determine whether polygon VWAYZ is convex or concave. Explain.

- ‘,l, Are polygons GHIKL and VWA YZ congruent? Justily your answer,

92 Saxon Geametry
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Geometry, Lesson 15
Sample taken from Geometry, page 93

e. For each numbered angle in the polygon,
23] . ) . . .

determine whether it is an interior angle or an
exterior angle.

f. Name the type of polygon used in this pattern ~
e -
gy o TR or o irraenla?® Brnlad ~
Are the polygens regular or irregular? Explain, \\'\\‘j

£. Pick any pair of polygons in this pattern. Are they congruent? Are they
(fxd) . o g -
9 convex or concave? Explain

N, 1. Write Explain why the pair of numbers 3 and 3 is a counterexample to this
' statement, I the sum of two mambers is even, then both mumbers are even

~ to the canal running through the property for watering crops. If the road on the
opposite sule of the property runs paraliel to the canal, explain how this can be
done.

3. (Wallpaper | A family wants to install wallpaper around the bettom half of a room
If the room has 12-foot tall ceilings and cach wall is 14 fect long, calculate the
arca the wallpaper wall cover,

4. In polygon JKLMN, name cach angle and identity it as an interior e
(15} B ——
© 7 or exterior angle. / T
N ll
Write a conditional statement from cach sentence. \ ____-_--" L
Qe—"p

5. The absolute value of a number is a nonnegative number,
(%)

bt

. A bilingual person speaks two languages.

7. Determine the midpoint M of X¥ connecting X(0, 2) and ¥(6, 1),
]

8. Medel Find a counterexample to this conjecture
) . N N . ) .2
I two lines intersect, then any third coplanar line intersects both of them

-]

. Use inductive reasoning to determine the pattesn in the following sequence:
2,3,5,9,17.33,65

10. Identify the property that justifies this statement:
o
“a=bandb=c soa=c.

Lesson 15 93
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Geometry, Lesson 15
Sample taken from Geometry, page 94

ml l; Name all the pairs of angles that are congruent when a transversal cuts a pair of
" paralle! lines.

12. Find the length of the segment connecting (1.3, 4.1) and (2.8, 6.1)
13 Verify Rectangle PORS is divided into two triangles by diagonal OS. PJ

" a, Determine the area of rectangle PORS.
b. Given that A PQS and AQRS have equal areas, use your answer to

3cm

part a to determine the area of & POS. §
¢. Verify that the formula for the area of a triangle gives the same answer as part b
for the area of APQS.

!’;‘l; Classify this polygon. Is it equiangular? Is it equilateral? Is it regular?

1“5 ( Home Renovatien | Tasha is using two wooden rails to construct a pair of stair
- mLx along the walls of a staircase. To make sure that the rails are parallel, she
measures the acute angle each rail makes with the vertical edge of the wall at the
base of the stairs,
a. What type of angles are these?
b. Tasha measures cach angie to be 42°, Explain how she can make sure that the

rails are parallel.

lg} Verify Confirm that this quadrilateral is a counterexample to the conjecture.

If a guadrilateral has fwo pairs of congruent sides, then both pairs of epposite
sides are parallel

17. If two parallel lines are cut by a transversal and one pawr of same-side interior
" angles has angles that measure {10x + 90)° and (4x + 6)°, what is the measure of
cach angle?

18, Write In this figure, the transversal line £ intersects lines m and o, Write a
" paragraph explaining how you know that m and n are paraliel,

m n

19. This figure shows a polygon with one vertex and two sides missing. a
7 a. Copy the figure and add a point G that makes ABCDEFG
concave.
b. Make a second copy of the figure and add a point f that
makes ABCDEFH convex.

p

94 Saxon Geomatry
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Geometry, Lesson 15
Sample taken from Geometry, page 95

{Iv

" 20. Name every pair of corresponding angles in the diagram.

21. (Building ) A builder wants to add a diagonal beam 10 add support to
* & structure. The beam needs 1o extend across a height of 15 feet and a
distance of 28 feet. What will the length of the beam be 1o the nearest
hundredth of a foot?

2% Determine the midpoint of each side of AABC,

233 Mgebra The height of a triangle 1s 12.7 centimeters and its area
is 31.75 square centimeters. Use the Triangle Area Formula to
determine its base length.

M Multiple Choice Wh:ch statement is always true?
" A Two planes intersect in a straight line.
B Two lines are contained in exactly one plane.
C Twa lines can intersect at two points,
D Any four peints can be contained in exactly one plane.

25 Multiple Choice I 21 and £2 are congruent, which of these should be used o
' prove that lines p and ¢ are parallel?
A Converse of the Alternate Exterior Angles Theerem
B Converse of the Alternate Interior Angles Theorem
C Converse of the Corresponding Angles Postulate
D Converse of the Same-Side Interior Angles Theorem

-2, 04

26. Predict Use inductive reasoning to find the next term in this sequence. Explain

! the rule for the pattern.
2,3,5917, ...

Zz. Multi-Step Find the perimeter of a square if iLs area is 289 square centimeters

28J If two parallel lines arc mtersected by a transversal, what is the sum of the
measures of all four interior angles that are formed?

29. Find the perimeter of a regular hexagon with side lengths of 6.8 inches

2'?4;} If the points A, B, C, D, and E are connected, is polygon ABCDE
convex or concave?

. s

LR

-2

LA

83, ~1}

.

L

Lesson 15

42




Geometry, Lesson 54
Sample taken from Geometry, page 355

Representing Solids

54

l Warm Up ..~la': Vocabulary A prism with six square faces is called a .

. Name each of the pictured solids. If the solid
is & prism or pyramid, classify it

_2 e

3. According to Euler's Formula, if a polyhedron
has 7 faces and 10 vertices, how many edges does
it have?

J New Concepts In a perspective drawing, nonvertical paraliel lines appear to meet at a point
called a vanishing point. If you look straight down a highway, it appears
that the edges of the highway eventually come together at a vanishing point,
like point A in the diagram. In a perspective drawing, the horizon is the
honizontal line that contains the vanishing peint(s). A drawing with just one

l The wanishing poim varishing point is called one-polnt perspective
4 ovthepontina
3

——

Math Language

perspective diawing
on the harizon whese
paraliel lines appear

0 maet

A

—Mﬂ Drawing in One-Point Perspective

Draw a rectangular prism in onc-point perspective.
Use a pencil with an eraser.

SOLUTION
Step 1 Draw a square and a horizontal line above it * e, v
representing the horizon. Mark a vanishing R
point on the horizon. '
Step 2 Draw a dashed line from the vanishing point to '-,
each of the four comers of the square.
Step 3 Using the dashed lines deawn in Step 2, draw
the sides of a smaller square. A
Pt
I} 1
S

. | Step 4 Connect the two squares and erase the reference
=) Online Connection ] | lines and the horizon that are located behind the prism.
wi.SaxonMathResources.com l This prism is drawn from a one-point perspective.

Lesson 54 355

43




Geometry, Lesson 54
Sample taken from Geometry, page 356

Math Reasoning
Model Could you aiso
make 3 two point
Perspectivg deinving Ly
pRong the vanishing
Points below the

; aniginal line segren?

SO TG CASORA

356 Saxon Geovnetry

A drawing with two vanishing points is said to have two-point perspective.
Look at the following example to see how a drawing can be made from a
two-point perspective,

~m_l Drawing in Two-Point Perspective
Draw a rectangular prism in two-point perspective in which the vanishing
points are above the prism,

SOLUTION
Step 1 Draw a horizontal line that represents A
the horizen. Place two vanishing points
on the horizon. Draw a vertical line I
segment below the horizontal line and
between the two vanishing points,
representing the front edge of the prism.

Step 2 Draw dashed lines from cach vanishing ST I
point to the top and bottom of the R B
vertical line as shown. N A

Step 3 Draw vertical segments between the T ==
dashed lines from Step 2 as shown and ' ’
draw segments to connect them to the
(irst segment,

Step 4 Draw dashed perspective lines from the
segments drawn in Step 3 to each of the
vanishing points as shown,

Step 5 Draw a dashed vertical line between the STIIeS I
two intersections of the perspective ) "
lines just drawn, Sketch the segments
that make the top of the prism.

Step 6 Erase the horizon line and the dashed
perspective lines. Keep the dashed lines inside
the prism that represent the edges that are hidden,

l This prism is drawn from a two-point perspective.

An isometric drawing is a way of drawing a

three-dimensional figure using isometric dot paper, 120"
which bas equally spaced dots in & repeating triangular 1207 1200
pattern, The drawings can be made by using three axes '
that intersect to form [20° angles, as shown in the

diagram.
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Geometry, Lesson 54
Sample taken from Geometry, page 357

EFETRST SRREE P

Hint

n & two-pont
Ferpective deawing, &
appears that one edge
of the solid is the fromt
of the dagram. Ina
one-pint pRrspective

drawing, it appears tha

atace of the solid s
the font

i 3| Creating Isometric Drawings

Create an isometric drawing of a rectangular prism A
SOLUTION ‘\R Pt
Druaw the three axes on the isometric dot paper as

shown above. Use this vertex as the bottom corner of

the prism. Draw the box so that the cdges of the prism

run parallel 1o the three axes Shading the top, front,

and side of the prism will add the perception of depth,

[ m Application: Drafting

An architecture firm is planning to construct a rectangular building on
a comer lot, The client would like a drawing that shows the building as
though someone is looking at it from one edge. Should the drawing be
from a one-point or two-point perspective? Make a sketch of what the
drawing should look like

SOLUTION .

Since the front of the drawing will be an edge of the building, a two-point
perspective drawing is appropriate, The diagram shows a completed view
of the building.

Lesson Practice

__a. Draw a rectangular prism in one-point perspective in which the
""" vanishing point is to the Jefl of the square.

. b Draw a cube in two-point perspective with the vanishing points and
~ " horizon below the vertical line,

< Make an isometric drawing of a triangular prism,

(Ex3

,..,(;il. ( Drafting ) Morgan wants to make a wooden bookshelf with two

"7 shelves. The bookshelf will be | meter wide, 1 meter deep, and 1.5
meters tall. To decide how much wood to buy, Morgan will draw his
plans for the bookshelf. Should the drawing be from & one-point or
two-point perspective? Sketch what Morgan’s drawing should look like.

Lesson 54 357

45




Geometry, Lesson 54
Sample taken from Geometry, page 358

Practice pistributed and Integrated

* 1. Draw a triangular prism in one-point perspective so that the vanishing point is
<) '
below the prism.

N\, 2. write Explain why the following statement is true.
" If a quadvilateral is a square, then it is a rectangle

} Algebra Find the length of ZPin the diagram,

4, What is the shortest distance from (3, 3) to the line
iy
y= -2x + 8!

* S, {Architecture ) An architect is creating different perspective drawings for a new

" building. The building is a rectangular prism and the client would like a drawing
that focuses on the front fagade of the building. Should the architect create the
drawing using & onc-point or two-point perspective? Sketch a sample drawing of
the building.

. A figure has a hexagonal base and triangular lateral faces Classify the figure.

is

-3

. Multi-Step Graph the line and find the slope of the line that passes through the
Lo | -

" points L4, 1) and M(3, —1). Then find a perpendicular line that passes through
point N(=2, =2).

8. Find the value of x and yin the tniangle shown to the o~

" nearest tenth. ,."F T

/
L

9}. What 15 the sum of the exterior angles of a convex ! wx
(il

1 34.gided polygon?

10. Is the following statement always, sometimes, or never true!

"

A paralielogram is @ rectangle.

“11

M)

Trace the figure at right on your paper. Then locate the
vanishing point and the honizon line.

xy lg. Algebra In AABC, mAABC = 90°, AR = (3x — 7), and
U mZBCA = 607, and in ADEF, mZDEF = 90°, DE =
(5x — 17), and mZEFD = 60°. What value of x will
make AABC = ADEFR?

13. The point where three or more lines intersect is the

S

*1;4.' Use the Hypotenuse-Angle Congruence Theorem to prove
T that ARST = AUVW

*Ig. Find the exact length of the hypotenuse of a 45°-45°-90° right
""" triangle with 2 leg that is 57 feet long.

58 Saxon Geometry
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Geometry, Lesson 54
Sample taken from Geometry, page 359

16.
a0}

17

=

“18.

)

“19,

043

2

*21.

=)

22,

55

23.

ag

*24,
(53

*25,

44

Formulate Four congruent circles are cut out of a square as shown. Write an
expression for the area of the shaded region in terms of the radius of each

circle, r.

(Aviation ) Four jet aircraft are flying in a triangular formation. Jets A, B, and C A
form a line perpendicular to the Might heading, while jet B is midway between

the other two. Jet D flics directly in front of jet B. [f mZADE = 37°, what doss o B
the vertex angle of the triangular formation measure? Which theorem did you

usc? c

Use an indirect praof to prove that if two altitudes, BY and CY of AABC are
congruent, then the tnangle must be isosceles.

Given: BX = CV, BX and C¥ are altitudes.

Prove: HABC isosceles.

Find the area, to the nearest hundredth, of a 45°-45°-90° right triangle with a
hypotenuse of 17 centimeters.

. Algebra If 2 chord perpendicular to a radius cuts the radius in two pieces that are

7 and 2 inches long, respectively, what are the (wo possible iengths of the chord to
the nearest tenth?

Justify How does a two-point perspective differ when the vanishing points are
located close together compared with when they arc located further apart? Justify
your reasoning with drawings

wil . Y
Find the geometric mean of 2 and 5.

Multiple Choice II' the diagonals of parallclogram JKLM intersect at P, which of
the following is true?

AJP=1LP B JP= KP

C JL = KM D JM= KM

{ Comstruction | The support of a shelf forms a 45°-45°-90° right triangle,
with the shelf and the wall as the kegs. Exactly how long
15 this support?

shett
Z2in.)

Analyze 2 NPQ and ASTV are similar isosceles triangles How many wal
of their six sides do you need numerical values for in order find all the
other side lengths and the perimeters of both triangles? Explain,

Lesson 54 59
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Geometry, Lesson 54
Sample taken from Geometry, page 360

?.‘;‘,3 Using the diagram on the right, find the length of MPif OP « 5,
" NO =8, and MN = 18.
Y]

a
P

“%'{.‘ (Cycling | Katyz and Sareema start from the same location and bicycle in opposite
" directions for 2 miles cach. Katya turns to her right 90° and continues for another
mile. Sareema turns 45° (o her lef and continues for another mile At this point,
who is closer Lo the starting point?

“285. Error Analysis Darius drew this net of & number cube. Explam his error.

22 Asalyze Square RSTT has vertioes at R(0, 4) and S(0, 0). What are the possible
~ eoordinates of T and L7

30. | D—ui-;) A white triangle with vertices at (0, 0), (4, 0), and (0, 4) is used to create
M a logo. A blue triangle is added to the design so that its vertices are the midpoints
of the sides of the white triangle. The blue triangle divides the white triangle into
three smaller white triangles. Smaller blue trizngles are placed in each small white
triangle so that their vertices are the midpoints of the sides of the small white
trianghes.

a. Find the coordinates of the vertices of the large blue tnangle.
b. Find the coordinates of the vertices of cach small blue triangle.

¢. Which of the triangles are congruent, if any? Justify your answer.

360 Saxon Geametry
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Geometry, Lab 8
Sample taken from Geometry, page 387

Tangents to a Circle

l Construction Lab 8 (Use with Lesson 58)

Lesson 58 shows you how to identify lines tangent to a circle. This lab
demonstrates how to construct lines tangent to a circle through a point on
the circle.

(1) To construct a tangent line through @
a given point on the circle, bagin with

@A and a point on the crcle, 5.

@ DTSWA-B. @

. A

(8) Using the methad from Construction ®
Lab 2, construct the line
perpendicuar to A8 through B.

The perpendicular line is fangent 1o
@AatB8 A

This lab demonstrates how 1o construct lines tangent to a ¢ircle through a
point not on the circle.

() To construct two tangent fines ®
through a point external to a clrde,
dranw a circle and label the center C. . -
Choose a point exteror 1o the circle, e
and labal it P. Draw CP. .
it
£
b
[
Lbs 387
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Geometry, Lab 8
Sample taken from Geometry, page 388

e

o

Hint

To canstruct the
midpoin, use the
method you leamed In

Construction Lab 3

388 Saxon Geometry

Construct the midpoint of GP,
Label the midpoint M,

(3) Draw a circle with a radius, CM
centered on M, Notice that P is also
on this circle,

Label the points of intersaction of
@C and @M as points X and Y.

@ Draes XP. This line is tangent
to @C at point X. Draw YP. Notice
[ =
that ¥P is tangent to @C &t point Y.

Lab Practice

Use a compass to draw @D and 0 E. Draw point A on @D, Draw points
Fand G outside, but near to, @D and @ E. Perform each construction
indicated below,

. a line tangent to @42 at point A
b, a line tangent to @0 from point F
¢, @ line tangent to @ from point F

d, @ line tangeat to @E from point &
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Geometry, Investigation 8
Sample taken from Geometry, page 529

10 g

n,' INVESTIGATION

-

Math Reasoning

Modsl Could you

have used defferem
transformations of the
tiangis 10 aotaln the
S3Ne imageas the onein
$100 47 Explain how,

Patterns

l

Finding patterns is a valuable problem-solving skill.
In this investigation. you will study patterns made by
transforming a figure. The basic figure we will work
with is an isosceles (riangle like the one shown here,
Copy this triangle by connecting the points (0, 0), (8, 0), and (4, 3)on a
coordinate plane, and cut the triangle out so you can trace it onto paper.

)

Trace the cutout triangle onto a blank sheet of paper,

First, transform the triangle by rotating it. With the triangle
oriented as shown in the diagram above, rotate it 907
counterclockwise around erther one of its acute angles.
Trace the triangle again in its new position. You should now
have a design like the one shown.

Continue o rotate the triangle %0 and tracz it each time.
Since the triangle will retum to its original orientation
after four rotations, the final design will look like

the one shown,

& D

1. What is the order of the rotational symmetry
in the final pattern?

2. Does the final pattern have any lines of
symmetry? If so, how many?

Trace your cutout trianghe onto a blank sheet of paper, This time you will
make a pattern by reflecting the triangle. Draw x- and y-axes and orient the
triangle so its base lies on the x-axis and one of its acute angles lics on the
angin,

3. Reflect the triangle over the y-axis and draw the resulting pattern

4. Reflect the pattern from step 3 over the x-axis and draw the
resulting pattern.

5. Does the final pattern have rotational symmetry? If so, what 1s the order
of rotational symmetry?

6. Does the final pattern have any lines of symmetry? How many?

Translation symmelry is a type of symmetry describing a figure that can be
translated along a vector so that the image coincides with the preimage. A
frieze pattern is a pattern that has translation symmetry along & line.

Trace your cutout triangle onto a blank sheet of /\ /\
paper. Orieat the triangle so its base is parallel to

148 3
B ,* the bottom edge of the paper. Translate the triangle ,1
%‘,}_ to the right until the vertices of the opposite acute angles lie on the same ]
93 8 point, as in the figure shown, .
i i §
_,;';;_?;_ 5 Investigation8 529 i
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Geometry, Investigation 8
Sample taken from Geometry, page 530

Saxon Geometry

Translate the triangle to the right again. Continue this process until you have
4 triangles in a row. This 1s a frieze pattern.

7. What other transformation(s) could have been used o create this same
patiern?

8. Does the final pattern have rotational symmetry? If so, what is the order
of rotational symmetry?

9. Does the final pattern have any lines of symmetry? How many?

Now we will explore some geometric patterns Draw two points, There is
only one segment that can be drawn connecting these two points

What about 3 points? Draw 3 noncoilincar points and draw segments
connecting them. You find that there are three segments that can be drawn,

10. Draw four non-collinear points Draw a line segment between cach pair
of points How many line segments do you have?

11. Predict Bascd on the pattern you have seen so far, predict how many line
segmenls you can draw connecting § noncollinear points. What about
6 noncollinear points? ... 7 noncollinear points?

12. Fermalate Write & rule for the number of line segments, L, between n
points, in terms of the number of line scgments between » — | points
(denoted 2, _ ).

The numbers in the series you have just discovered are called
triangular numbers. Triangular numbers are numbers that are equal

to the sum of the first # whole numbers. The first 8 triangular numbers
are: 1, 3,6, 10, 15, 21, 28, and 36.

Can an algebraic expression be written for the n triangular number? The #™
triangular number is given by the formula below.
x=142434+4+ . +n—1+n

To find an expression for the #'™ triangular number, take this series and add

it to itscif, Instead ol adding the terms in order though, add the first term to

the last term, the second term to the second to last term, and so on,
x=1+2+3+4 . . +n—1+n

+x=1+214+34+4..+n—-1+n

2x=(lan+24¢n~D+B34n~2)+..

Now notice that in the sum, the expressions in the parenthesis

can be simplified. After being simplified, the sum becomes

dx=nd Ddne 4.

Each expression in parenthesis is the same, Morcover, we know that the
series has n terms. So it can be simplified further, resulting in 2x = nfe 4+ 1),
To solve for x, which is the »™ triangular number, divide by 2,
- nin+ 1)
2
13. Using the expression above, what is the 50™ triangular number?
What is the 100 triangular number?
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Geometry, Investigation 8
Sample taken from Geometry, page 531

Investigation Practice

a. Using the right triangle given here, sketch the result
of rotating the figure 90° counterclockwise about
the point A. =¥

b. Continue to rotate the triangle 90° until it coincides with itself, sketching
the result of each rotation. What is the order of rotational symmetry in the
final figure? Does it have any lines of symmetry?

¢. Return to the mitial figure and reflect it over the vertical leg of the
triangle. Then reflect it over the horizontal leg of the triangle. What kind
of polygon is the resulting figure?

d. Does the resulting figure have any lines of symmetry? Does it have
rotational symmetry?

e, Square numbers are whole numbers that could be the area of a square.
The series begins: 1,4, 9, 16, 25, ... Write an equation Lo
find the n' square number.

f. What is the 30th square number”?
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Advanced Mathematics, Lesson 45
Sample taken from Advanced Mathematics (Second Edition), page 319

LESSON 45 Conditional Permutations « Two-Variable
Analysis Using a Graphing Calculator

___45A

conditional Muny problems about permutations (arangements i 2 definite order) bave conditions
permutations  attched that make finding the solutions challenging. There is no formula that can be wsed, for
the conditions seem 10 be different each time. We wall find, however, that drawing a diagram

is helpful, so the use of diagrams is recommendexd,

example 45.1  How many odd counting numbers can be formed from the digits 3, 4, and 5 if no repetition of

digits is permitted?
solution  We can have ane-digit, two-digit, or three-digit odd numbers.
The ooe-dignt odd numbers are 3 and 3 1ol 2

The last digit in a two-digit odd pumber is an odd digit. Both 3 and § are odd digits, so these
are two possible odd choloss for the Jast digit.

The other digits may be even o odd, and twe digits remain that can be used as the first digit.

2 2 — 2.2=4 Lol 4

For three-digit numbers, we use e same process and get

] 2 2 —- 1:2:2=4 total 4

Grandwtad =4 + 4 + 2 = 10

Thus, there are 10 possible odd counting numbess st can be formed using 3, 4, and 5 if no
repetition of digits 18 permitied.

example 45.2  Find the number of odd three-digit counting sumbers ihat e less than 600,

solufiori  The statement of the problem indicates that repetition of digits is permissible, The 10 digits
are, 1,2,3,4,5,6,7, 8, and 9, and any of the five odd digits can be used in the last spot.

[T
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320 Lesson 45

The digit (0 cannod b usad in 1he first box because the resulting number would have only two
digits. Also 6, 7, 8, or 9 cannot be used in the first box or the number woulkd not be Jess than
6U0. Thus, only 1, 2.3, 4, or 5 can be used in the first box, There are 10 digits possible for the
second box, so we have

Gwls] s ms=a

Thus, hwere are 250 odd three-digit counting numbers less than 600,

example 45.3  Five math books and four English books are on a shelf. How many permutations are possible
if the math books must be kept together and the English books must be kept together?

solution  If the math books came first, we get

MATH ENGLISH
Pslals]a] Ja]ala] ] — stxa=omm
If the English books come first, we get
ENGLISH MATH
[4]3]2[1]5[4|3]2|||——4!x:~!=2ssu

1€ we adkd the two numbers, we get S760 possible peomutations,

example 45.4  How many different four-digit odd counting numbers can be formed if o repetiton of digits
15 permitied?

solution  The 10dignsarc 0, 1,2,3,4,5,6,7, 8 and 9, 2 five digits are even and five are odd. The
number must end with an odd digir, so there are five closoes for the last digit.

L1l [ Is]

A loar-digit number cannot begin with O because if it did, it would be a1 most 2 three-digit
numbet. Thwus, there are only eight chowes Jeft for the first digie,

sl 115

Zero can be the second digi, so there are esght chosees for thes dignt and seven choices for the
third digit,

Is[n]?].sl—»a.n-7 5 = 2240

Thus, there are 2240 different four-dight odd counting pumbers that can be formed if no
repetition of digits is pormitted

example 45,5  An elf, a gnome, a fairy, a pixie, ind a leprechaun were to sit in a fine, How many different
ways can they sit if 1he elf and the gnome insist on sitting next to each other?

solution  Let’s begin with the eif and the gnome in the first two seats,

felalaf2]1] = 3x2ax1=6

[s[e]s]2]1] = 3x2x1=6

56




Advanced Mathematics, Lesson 45
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45.B

iwo-variable
analysis
using a
graphing
calculator

321 458 two-variable analysis using a graphing calculator

Now let's put them in the sccond two seats.

[3]e|cl2]1|—= ax2xi0

I3]Gl!’.l2]ll—~3x‘2xl-6

The other pessibilities are

"

[3]2]elo|rfes [3]2]1[E]G|mme
f3la]ele|i]tws [3[2]1]|a]E|me
There are cight ways the gnome and the ¢lf can sit side by side, and for each of these, there are

six ways the other three little people can sit, Since 6 x 8§ « 48, there are 48 different ways
the little prople can sit if the ¢lf and the gnome sit next to each ather

The data in the 1able on the lefl &re from an experiment involving silver (Ag) and gold (Au).
On the right we have graphed the data points and estimated the position of the line indicated
by the data points.

10

Au | 82 & LI I L A (] () ==y
]
Ag | 95 | 55 | 75 | 15 | 46 v Ol
S N -
& O
= \9
g 4
()
2
O]
80 S0 100 110 120
Godd in grams

We will use the endpoints of the line (75, 10) and (120, 1} to determine the slope, which we
Lo is negative,

Now we find the intercept.
Az w =02Au + b oquation
10 = =0.2(75) + b used (75, 10) for Auv and Ag
b=125 solved for b

Now we can write the equation that gives silver as a function of gold.
Ag = -02Au + 25

The process of estimating the equation of & Hne that best fis the data s called Enear
regression.”

"This appeliation s a masnamer becamse it has nothing to do with regrassion in the usual sense, Tt wes
miroduced by Sir Francis Galeoa (1822-1911). Originally, he used the word reversiow, but in am address
in 1877 he used the word regression. See Applied Regresaion Analysiz by Deapes snd Smath, Johe Wiley
and Sans, 1964,
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Sample taken from Advanced Mathematics (Second Edition), page 322

problem set
45

322 Lesson 45

Graphing calculstors use the feast squares algorithm 10 do linear regressions. All you
have to do s enter the v data points in ooc list, enter the y data points in another hst, and press
the proper key, The TI-82 gives the following display for these data

LirRea
st
g=-, 20795
b=235, 64
==, 7824726541

This relis us that the equation of the Line that the caleulatlor estimates as the best Tt for 1he
daa is

Ag = -0.21Au + 256

The 1ast stem on the caleulator display s r, which 15 the correlation coefficient. [ all the data
points lic exactly on the line and the slepe of the line is positive, 1he comelation coeflicsent r
is 1. I all of the data points bie exactly on the line and the slope is negative, the comvelation
coefficient 7 is —1. If the data are 50 scaticred that they do not detenmine & steaght e, the
coreelation coefficient + is 0, For a rule of thumb for scientific data, we would Like to have »
values batween ~1 and <09 or between (1.9 and |, For experiments in the social sciences, we
would like 1o have r values between —1 and <07 or between 0.7 and 1, Owr r value was -(0.78
This negative correlation tells us that the amount of silver decreased as the amount of gold
increased. We would have hoped far a correlation coefTicient between =1 ol -0.9. Maybe the
relationship is not really linesar. We are often not happy with this moch scatler i scientific
experimental data.

1. How many thres-digit counting numbers are there that are less than 200 such that all the
dagits are even?

2. Six math tooks and three English books are on a shell, How maay ways can they be
arrangxd il the math books are Kept togetber and the English books are kept togethes?

3. Inihe factory & workers worked fhours 1o produce ¢ artickes. 11y woekers quit, how keog
would those that remamed have (o work 1o produce ¢ + 10 anticles?

4. The lautde of Princeton, New Jersey, is #(1.5% noeth of the equater. How far is it from
Princeton to the equator if the diameter of the earth is 7920 males?

5. On the 24-mile tip 10 school, Brandon sauntered a1 a leisurely pace. Thus, he had o
double his speed on the way back 10 complete the trip in 9 hours, How tast did he travel
in cach direction, snd what were ihe two times?

6. Four thousend liters of solution was available thet was 92% alcohol. How many liers of
akoohol had to be extracted so that the solution would be anly 80% alcohol?

7. The ratio of greens to blues was 2 to 1, and twice the sum of the number of blues and the
number of whites exceeded the number of greens by 10, 1f there were 25 blwes, greens,
and whites in all, how many were there of each color?

8. The following data came from an experiment that invodved lead (Pb) and copper (Cu).
Use a graphing calculator 1o find the eguation of the line which best fits this data and
gives copper as a function of lead (Cu = mPb + b). Also, fid the correlation
coefficient for this scientific data and discuss whether or not the line is a good model for
the data,

Po | 160 | 190 | 190 | 194 | 220
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323 problem sel 45

9, The following data came from an experiment that involved dysprosium {Dy) and
thodium {(Rh). Use & graphing calcolator to find the equarion of the line which best fits
this data and gives rhodmm as a functivn of dysprosium (Rh = mDy + B). Also, lind
the correlation cosfTicient for this scsemific data and discuss whether or not the lise is a
good model for the data,

Dy | 1000 ) 1200 | 130 | 140 | 150 | 160

Rh 80 92 99 105 | 113 | 120

Wiite the equations of the follewing sinusoids:
10. 4 1. 4

10

SV - R O 0P TN 360,
10 \/

12, Find the standlard foan of the equation of o circde whose cemer is (-2, 5) and whose

radivs is 6
Ay vel
13, Sketch the graph of the functicn f{x} = (-;) .
Evaluate:
3 { 5
4, e =X scc:-i] + cas 2%
4 L 4
9
15, su(--l XJ + CO8 — — & L
\ 2 E

16. By how much doss Py excead (F)?
17, Simplify: logy @ — bogs £ + log, 7% — lag,, |
Solve for x:

18, loz, 7 + logg 8 = log, (2r ~ 4) 19, logg (x + 1} = logy x = logg 15
20 3 k 10000 = x
e “; 78") . =X
21. Detennine if fx) = + and g(x) = ~ are inverse functions by computing their
compositions,

22. Write the quadratic eguation with a lead cocflicient of 1 whose roots are 2 + 3 and
2 -5

23, Find the equation of the line that is equidistant from 1he poinis (-4, <3) and (4, 6). Write
the equation in slope-intescept form,

24, Fid fwhere gy} = x% and of « g = 27+ 3,

~
25. Find the donsin of the function fx) = ) a.lr‘ -
—|4x
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CONCEPT REVIEW
PROBLEMS

26,

29,

The graph of the function fix) = x is shown on the left below. The graph on the right
is the same graph translated two units 1o the night and thres units up. Write the equation
of the graph on the righv

¥ ¥

! I

| [

51 51

4| 41

3 3|

2| 21

1 1

- i RIS TR T 4 B e S D e x
sl123458 1412345678

Given the function f{x) = ¥, write the equation of the function ¢ whose gragh is the
graph of {iranslated three units to the right and two units up. Then sketch the graph of
the new function g,
Given PQ || 5T

R is the midpoint of 05
Write a two-column peaod 10 prove:

PR = TR

Let xvand y be real numbers. If x < 1 and y > 3, compare: A. x + | B.y - |

In polygon ABCD, mZA = W0°, C
Compare: A, Area of polygon ABCD 8 /‘i/f
-
B. 16 ( /
| &
41 !
A a D
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480 Lesson 79

LESSON 79 De Moivre’s Theorem + Roots of Complex
Numbers

79.A

De Moivre’s  We remember that when we multiply two complex numbers writtets s polas foens, the sbsolute
theorem  valucs are maltiplied 1ogether and the angles are added. Therefore,

(_ll s ) )(rl s 03] = (l'lr;\) cis (GI ' 0.:_)
if z = rais®, we apply this rule o gel
22 - (rcis @reis0) = 2 cis 28
2= (recis@rcisDrcisd)y = 3 is 30
2 = (rcis @)ras @)rcis @) cls ) = ¢ cis 46
If we repeatediy maluply 2 by iself, we find thar
= (rcs@) = fcisn®

where i is & posstive integer. This fact, considered 1o be one of the most impantant in the study
of complex numbers, 18 known as De Moivee's theorem. This theorem is named afier
Abcaham De Moivre (1667-1754), & French refugee who lived in Loadon.

example 79.1  Fiad (2 cis 2007

solution By De Maivie's theorem,

(Zcis 30°FF = 27 cis(5 - 30°) = 32 cis 180°
example 78.2  Uso Do Moivre's theorem o find {1 + 1'% Express the answer in rectangular form

solution  To use De Moivre's theorem, we fisst need 10 put cur complex number inta polar form. We
compute 7 and @
row )2 412 w2
Tan@ = ! = | and the number lies in the first quadrant, so
f = 45

Thus, 1 + ¢ = V2 cis 45°. Applying De Moivie's theorem and remembering that cis of an
angle eguals cis of an integer multiple of 360° added to that angle, we get

(1 + O = (V2 cis 45)"
= (\"E—)Hcis (13 - 457

W . -
=213 - 459

w 20217 g 5850

6447 cis (300° + 2259

= 6492 cis 225°

Converting back to rectangular form gives us the final answer

. ~ & \I
64V7 cis 225° = 64¥3| - 22 _ X2,
L2 2
- 64 - 64i
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79.B

481 76.8  roots of complex numbers

roots of I we use 2 as & foctor three times, the product s 8,

complex
numbers

2:2.2=8

This is the reason we say that a third root of 8 15 2. Also, we can write

Y& =2
Becasse the notation §'F means the same thing as 38 | this expression also has  value of 2.

8% =2
There are really three different cube roots of 8, two of which are complex. In fact, every non-
zer0 number has  distinel roots, In this section, we will leamn how to determine all n raots of
& number, Above, when we wsed the cube root notation, 3 and wroe 819 we understcod
the answer to be 2 istead of either of the complex third roots. This is because, by convention,
we assume that the mth root notation when applead 0 & real number refers to the real mih ool
Should there be a positive and negative choice of real 1oats, the ath oot notation refers to the

pasitive real root. For example, the number 4 has two square roots, but when we wiile V&, we
miean the positive square roet, 2.

Now we will illustrate how 1o find all the roots of a complex number expressed in polar
form, Suppose we use the complex mumber 2 cis 12° & a factor three times, The product
s Bcs 36

(a) {2czs 1272 cis 12°)(2 cis 127} = 8 cis 36°

because we mulliply comples numbers in polar form by multiplying the numercal coefficiens
and adding the angles, This, a third root of § cis 36° 16 2 cis 127

There ave two other third roots of 8 cls 36°,
(b) (2 eis 1327902 cis 132°K2 cis 1329) = 8 cis 396° = 8 cis (3607 + 367)
= §cis 36°
fc) {2 cis 252°)(2 cis 252°K2 cis 2527) = 8 cis 756° = B cis (7207 + 36°)
= §cis 367
In (b} the angle of the product is 396°, which is once around (36U7) and 36° more, In (c) the

angle of the product is 756°, which is twice around (720°) and 36° more, Thus, the three third
roots of 8 cis 36 are

2cis 127 2cis 132° 2 cis 2527

To get the first root, we took the third root of 8 and divided the angle by 3. The angle of the next
oot is 36053, ar 120°, greater, and the angle of the next root is 20360°/3), or 24(0°, greater.

A third root of 8 cis 36° = 8% cis 9% - 2ci512°
A second third root of & cis 36° = 8'% cis (%T ' |20°) = 2cis 132°

A third third root of 8 cis 36"

815 cis (3‘% + 2-@0’) = 2 cis 292°

If we continue the process, the toots will begin to repeat. The next step would be to add
3 % 120°, or 3607, If we do this, the result is 2 ¢is 12° again.

8% cis (12— R w] = 2cis 372° = 2cis 12°

Every complex number except zero has two square roots, three cube roots, four
fourth roots, five fifth roots, and, in general, » wth roots. The angles of the third roots
differ by 360°/3, or 120°. The angles of the fourth roots differ by 360°/4, or 907, The
angles of the fifth roots differ by 360°5, or 72°; efc. The angles of the nth roots differ by

in.
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example 79.3  Find the four fourth roats of 16 cis 60°. Clyeck the answers by muliiplying.
solution  The fist roon is 16 cis (60°14) = 2 cls 15° Angles in the polar form of the fourth roots
difter by 360°/4, ar 50°, so the other three roots are
2cis 1057, 2 ¢ls 195°, 2 cis 285°
Now we check:
{2 cis 157)(2 cis 15°%2 cis 15712 cis 15%) = 16 cis 6°
(2 cis 105°N2 cis LOS”N2 cis 105°)(2 cis 105°) = 16 ¢is 40P
« 16¢is (60" + 360%) = 16 cis 60°
(2 cis 195°)(2 cis 195°)(2 cis 195°N2 cis 195%) = 16 cis 780°

I6cas(60F « T207) = locis o

{2 cis 285902 cis 285°M2 cas 2857)(2 cis 285°) w0 (6 cis 1180

16 cis (607 + 1080%) = 16 cis 60F

example 79.4  Find five fifth roots of .

solution  We write s complex number in polar form with a positive coefficient 1o find the roots

y

'f O«i=IlcisN
X

i

The real fiflh root of | is [, so we get
s o 9 1o 1RO
Afitthrostof ¢ = 1" ¢is T = [cis 18

Successive angles of the polar form of the fifih reols differ by 3605, or 72°, 50 the ather
TOoMs are

Leks 907, 1 cis 1627, 1 cis 2347, 1 cls 306°

Now we check the angles.

3 x I8° = so” check
3 X 9F = 430° = WT o+ 3P check
5 x 1627 = RI0F = 0° 4 720 check
S % 234° = 170" = 90F 4+ 080° clwck
5 x 3067 = 1530F = W¥ + [440° check

example 79.5  Find two square roots of 1.

solutlon  The polar form of 1 + ¥ s 1 cis 0°,

¥
|
5 L+ O = 1cisO®

S S TR S
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example 79.6

solufion

example 79,7
solution

problem set
79

483 problem set 79

The positive real square root (known as the principal square ront) of | is 1, so we et
A square roat of 1 = 1172 gis % = st

The angles of squane reots of complex numbers differ by 360°2, or 1807, 50 the oiber squae
100t of 1 ¢is 07 is 1 ¢is 1807, Now we check our answers.

(Lcis O} cas0°) = | cist® check

(1 cis IROFKCT cis 180%) = 1cis 360° » Leis (0° + 360") = | cis(F chock

OF course, if we wish, we could wrile e answers in receangular foom as 1 ad -1
Find three third roots of ~1.

We always begin by writing the complex number in polar form with a positive
coefficient,

~b + 0f = | cis 180°

The fiest angle s 18073, or 60°, The angles of the third mots differ by 1208, so the three roots
are ns shown,

The thice thind roots of =1 = I cis 607, 1 ¢is 180°, 1 cis 300"

These roots can also be written in rectangular form as

o |-
a

1 + \l;‘i. -1 + U,
2 2

Find the four fourth rocts of 42 cis 407,

We use the root key on the caleulator to find thae 42" is abow 2.55. The angles of the fourth
roois differ by 36074, or %0, 50 the four fourth roots are as shown,

2,55 ¢is 107, 2,55 cis 1007, 2,55 ¢is 190°, 2,55 cis 2807

I There were 12 people present. How many committees of 9 could be selecied from il
12 paople?

2. How many digtinguishable ways can 2 flags be lined up along & wall if 2 of the flags
are identical?

3. The cost of finshing the contract varied linearly with the sumber of men who woeked. 1f
10 men warked, the cost was $5100. 1§ only 5 men warked, the cost was 52600, What
woald be the cost if anly 2 men worked?

4. The sull-water speed of the boat was 3 times the speed of the canent in the river, If the
boat could go 16 miles downstream in 2 hours less than it took to £0 32 miles upstream,
tow fast was the boat in still water and whiat was the speed of the current in the river?

§. Acrew of 81 workers can do 1 job in 24 duys. In order to finish oa time, the contractor
increased the size of the work foroe by one third. How many days will be saved by adding
the additicnal workess?

6. Find (3 cis 35°) and write the answes in palar form.

7. Use De Moivre's theorem to find (1 — ¥3:)%. Write the answer in rectangular form.
Give an exact answer.
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8. Find the three cube roots of 8 and express them in polar form.

9. Find ihe two sguare roots of —1 and express them in reclangular form. Give an exoct
answer.

1. Given the hyperbola -; - ’) = 1, find the vertices and the equations of the
asymptotes, Graph the hyperbola,

11, Given the hyperbola 9x? ~ 4% = 36, write the eguation in standard form and find the
coardinales of the vertzees and the equations of the asymptotes, Graph the hyperbola.

12, Write all seven terms of (v + )", 13, Write the sxthtermof (o + Y.

Show:

14, -e. sin 8 15, sin (90° — &) sec (W° - 8) = co @
swec @

) S = 3p =8

16, Use Cramer’s rule to solve {“ +2y =S5

17. What is the radius of the circle that can be circumscribed about a 7-sided regular polygon
(regular heptagon) whose pevimeter is 49 foet?

18, The perimeter of a | 2-sided regular polygoo is 96 feet. What is the length of one of the
sides of the polygon? What is the area of the polygon®

19. Salve this triangle for the unkonown = a

15.
pet Sem ;
b

20, Write the cquation in standand form and graph the ellipse: 1637 + 4% = 64

21, The birth weights of babics a1 a partscular haspital are found to be approximately
normally distribeted with a mean of 6.8 pounds and a standard deviation of 0.2 pousd.
What is the approximate percentage of babies bom at this hospital who weigh maore than
6.9 pounds?
. o e+ 2 2x

22, Solve forx: =1 x—3 s+ 8 =0

23, A parabola has its vertex at (- 4, 2) and its focus 21 (-4, 6). Write the equations of the
parabola, the directrix, and the axis of symmetry. Graph the parabola.

24, Wrile the eguation of the sinusoid as a
cosme function

28, Multiply [4 cis (-300")](2 cis 30°) and express the answer in rectangular foem. Give an

CXaCt answer.

Solve the following equations given that ¢° < 6 < 3607

26.
28,
29.
30.

220’0 - 125in@ + 5T =0 27, 2co546 + 1 =0
Find the distance from the point (1, 3)tothe line x - 3y + 5 = 0.
Solvefors: In(x + 2) - In(3x — 4) = In3

Use the midpoint formula method to find the equation of the parpendicular bisector of the
line segment with endpoints (~6,-2) and (4, ~8). Write the eguaticn in slope-
mtercept form,
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551 Lesson 95 Advanced Complex Roots

LESSON 95

exampie 951

solufion

example 5.2

soilution

Advanced Complex Roots

We have restricted our work with e roots of camplex numbess to problems where the number
15 written in polar form or can be easily written in polar form. A caleubator will permit 15 to
Lirel e roots af any complex number if we remember that the first siep is 1o write the complex
number in podor foon

Find the four fourth roots of 6 + &i. Express the roots in polar fom.

We begin by writing the number in polar form. We will use a caleulator and round our
INSWeIs,

R = y6r + 42 tan g =

o | i

= 'n'.Jl = 33.("9"'

So we find that 6 4 47 = 720 cis 3309° Now the first of our fouth roots i3
(720" cis (33.69°/4). We use the 1" key or the 4,-';.' key 1o lind the fourth root of 7.21

(120" = 164
Next, we divide 33.69 by 4 1o get ihe angle, 50 now we have
One founth root of 7.21 ¢is 33,657 w | 64 cis 8427

Now we mdd 360774, or 90°, 1o get the second rool, add 1807 1o get the third root. and wid 270°
to get the fourth reot: our four roats are

164 s 8427, 164 cis 98.42°, 164 cis 188.42°, 1.64 cis 278.42°
Find the five fifth roots of —17 — 147, Express the roots i polar form,

The first step i5 10 write the complex number in polar form

{ a2 7 14

P w 1T 47 ’ - -

. R T+ 4 n =
R =20 a = 3947°

Therefore, since @ lies in the third goadrant,

# = 180" 4+ 39.47° = 219.47°

Now we restate the problem as

21947
S —_—

One fifth root of 22.02 ¢is 219.47° = 2202 ¢j = 1.86 cis 41 89°

Thers sre four more roots, which we get by adding

"—# 104389% (n = 1,2,3,4),

1.86 cis 43.89°, 1,86 cis 115.89°, 1.86 cis 187.89°, 1.86 cis 259.80°, 1.86 ¢is 331.89°
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problem set
95

552 Lesson 95

1. There were 90 people in the room. Half were girds and one third were redneads. Two
thirds of the people either wese redheads or were garls. [f ane pesson is chosen at random,
what 15 the probability of choesing a redhieaded gint?

2. Apum contains 4 green marbles, 3 white mardles, and 3 blue marbles. A marble is drawn
o random and then replaced. Then 2 more matbles are randomly drawn without
replacement. What is the probability that all 3 are white?

3. There were 600 @ first, but they increased exponentially, After 60 minutes there were
1000, How many minutes had ¢lapsed before there were SO007?

4. In another room there were also 600, but they decreased exponentially. After 60 minutes,
they had decreased in number to only S80. What was the half-life of these creatures?

S, Rondo could carry the 140 liters on his back. If the solution was 208 alcohol, how much
pure ilcohol mast he add 10 get 2 soluton that i 4% alcohol?

6. Fid the four fourth reots of 3 + 4 and express the roots in polar form.
7. Fid the theee third roots of 2 + 37 and express the rosts in polar form,

Sketch the graphs of the following

B oy=3+ 1lcos %ljx—lulr’) 9. (a) y = secx (b)y =csex

10, Write the equations of these trigonometric functions:
(&) (b) ¥

v
|
i
|
1

. 150

>
B
-
:3
w
L Y

|
1
|
|
|
|
0" /a3
'
|
|
)

Show:

Sin X - 14 cosx
| 4 cosx 8in x
4 4
sin” x — cos” x
13 —_— =]
2sin*x - |

14, Develop the ddentity for cos $x by using the klentity for cos {4 + H).

11. = 2cscx 1. (1 + unx)® = sec’x + 2tanx

15, Find cos 285° by wsing the sum identity for the cosine function and the fact that
285° = 240° 4 45% Use exact values.

16. Use a sum identity to find an expression for sin {x + z ). Use exact values.
Saltve the following equations given that (7 < x < 3607

17. 3um’x + Sscx + 1 =0 18 -1 + 1andx = 0
19. Find the aagle with the smallest mea- 6
sure in the tnanghe shown. A
8

20. Compate P, and ,C,.
21. Find the two geometric means between 3 and -24,

22, Find the first five terms of the arithmetic sequence whose fowrth term is 4 and whose
thirteenth term is 28,

23, Ahorizontal ellipse has amajor axis of length 10 and 2 minor axis of lengeh 4. 11 its center
is at the origin, write the equation of the ellipse in standard foem. Graph the ellipse.
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553 96.A  more double-angle identities

2 Siven ti vOe 19,2 P 15
24, Gaven the hyperbola 324 18y wrile e eguation m standard form and Gnd

the & dinad Wf & ...-—..A.-- 5 sasne of 3 3
the coordinates of its vertices and 1he equatzons of the asymplales. Giaph the hyperbola

&3 A sevensuded regular polygon has a pesimeter of 35 inches. What is the area of the
poiygon?

Solve forx

|;:"

26, - 3 3y

26, - = 3 17 08 { }
22N . al. leg, 27 - bog, (2 1) =12

2 = log... I8 >
8. &= log,, I8 - bog, .6

"»l
- . g T 3
29. Simplify: 5°Fs " 108 log. §°
30, Let 1 L I . o )
30, Let o) Jxoand px) ¢ = LLFind (g o fix)
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138 Calcwlus Lesson 24
LESSON 24 New Notation for the Definition of the Derivative *
. . "
The Derivative of x
24.A
new notation Many modem calculus books use the letter b mstead of Ax in the definition of the decivative. Thus
for the they use the nocation an the right-land sade instead of the notation on the Jefi-hand side.
definition of Ao o tim J& %00 - {0 d oy =t JEEH - @)
the derivative 2™ = % Ax Tl R S—
exampie 24.1  Use the i notation for the definition of the derivative to find £°(x) given that gix) = .
solution  First we write
s Jy = lim Nr¥h=vE
dx A=+0 i
We must find & way to get the & out of the denominator so we can let & approach zero, Sometimes
one algebraic procedure works, and sometinses another algebraic procedure works, In this case, if we
muliply above and below by the conjugate of e nemerator, we get a factar of & in the numerator that
cancels the & in the denominator.
i+ & N f x + & "
405 = Jim YA NT lx—-u conjugate
ax A=l h NE R X
— lr_-—.' - ™ v -
= i EXO_NE T AR E b RVz o2 multiplied
A0 Wx v h o+ Jx)
A -
= lim ———— simplified numerator
A0 h(\'.t +h 4+ Jx)
= inm —== canceled
E0 g+ i+ 4x
In this expression we sall have an it in the denominator, but & is mot a factor of the denominator, o &
can appronch zero without the denommator approaching zere. Thus
iv‘x_ = lim - l — = - 1 — = l,__ - _l_.,-u
dx A=0 Jx & ko AX Jro+Jx 2Jx 2
24.B
the derivative e remember the definition of the derivative of a function by remembeting the geometrical
of x" intepretation. The slope of the secant through P, and P, in the figure on the left below is the rise

divided by the run. In the figure on the right the y-value of Pyis flx + k) and the y-value of
P s f(x).
1
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248  the derivative of x” 139

example 24.2

solution

The value of the rise Ay is the difference of these two expressions. The run is Ax; 50 we can write the
rise over the run as

Rise _ Ay S+ k- )
Run Ax h
The derivative is the limit of this expression as it approaches zero. We remember that the trick

i3 1 reamanges the expression algebrascally so that /i is not 2 facter of the denominator when &
approaches zero. If the function whose derivative we seek is x”, we would proceed as follows.

S
) ek
dx b0 h

When we expand (x + A)* by using the binomial formula, we getx” as the first term, which cancels
with the ~x” term in the namertor.

d s I Gl T N T S L
—x = lim
dx A h

Furthemmore, we note that the second term has & 25 a fsctor and that every other teem bas &7 as a factor.
If we divide by b we no longer have an /i in the denominator,

d s : 2
dx! (!lﬂn:’[.ix + (3xh + 1))

In this expression all of the terms after the first term have i s a factor. 1f we let & approach zero,
then the value of all of these terms approaches zero. Thus,

—-I" - JXZ
Find the derivative of x* whese nis 1,2, 3, 4, ..

We use the same diagrams to remember that the definition of the derivative is an algebraic expression
of the limit of the tise over the run 25 the run approaches zero.

When we expand the pumerstor, we get X 4 nx® ™ "k plus other terms whose coefficients we
represent with empty boxes since their value is of no interest. The last tarm in the numerator is the last
term in the numerator above,

4ol fim s e e e e - x"
dx £ h

Every term except the first two terns and the last lerm has 4% as a factor. Thus

5

iz = Jim x" # nx" "+ [tesms that have &%as a factor] — x*
da Y =+ h
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140

problem set 1. A rectangular sheet of metal measuring

Calcuius Lesson 24

The sam of the first term and the last term in the numerator is zero, If we divide the rest by &, the hin
the second term is eliminated, and every term i the parentheses still has & as a factor,

o . .
—x" = lim [rx*"" + (lerms that bave & a5 a factor )]
ar s

When & approaches zero, the values of all of the terms in the parentheses approach zero, which means

In this example we used the binomial expansion of (x + &) 10 prove that the denivative of x°
is nx* = if n is a positive integer. This proof is anly valid if m is 2 natural number, Tt does not wark for
a rational number sach a5 § or an imational nuinber sach as x, because the binomial expansion cannot
be usad 1o expund expressions such as (x + &) or (x + &) The rule above is valid, however,
for any real number value of n. We will use this fact even though the complete proof is not
presented. This rule is called the power rule for denvatives.

24 " 1meter by 20 meters is 1o be made into
gutier by bending its two sides upward al
nght angles to the base. If boih vertical
sides of the gutter have the same height x,
what is the capacity of the gutter in terms
of x7 {The capacity of the gutter is the
maximum amount of fluid # cozld hold if
it were closed at both ends.)

2. Find & where y = & 3. Find f(x) where f(x) = .

oe dx @y

4 F’mdﬂwhcrct- : S, Find D ywhere y = i‘x’

/N; dr }T () ‘) '
dy 1

’2; Fmddxwhc:c) =3

Let f(x) = x* and define g by g(x) = L2+ 3 = f2)
X

116
(a) Graph g on a graphing calculator.
(b) Use the trace feature or the table feature 10 determine the value g(x) approaches as x
approaches 0.
(¢} Find f'(x) and evaluate £ al x = 2.
() How do the answers 1o (b) and (¢} compare?

8. Solve: cos (3) = -~ (0 € 8 < 21)
o] 2

9, Use the graphing calculator to graph 4y + 8y — x + 5 = 0,

h
10, Find the coefficient of x*y® in the expansion of (r - 2¥)".

(22l

11

L Let fix) = ¥ and g{x) = f(-x). Graph f and g on the same coordinate plane.

an

12, Let f(x) = cosx and h(x) = 1 f[x - %).Cnamh.
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13

@)

14,

an

18,
7L
16.
e

. . 1
Sketch the graph of y = (‘,

Rewrite v = log x in terms of the natural logarithms,

3

Use the definition of the denivative to calculate fx) where fix) = 202,
Let fix) = &% and g(x) = /x - 4.

(@) Write the equationsof f o g and p = f.

¢(b) Find the domain and range of £, 9, £ = g, and g = f.

Evaluate the limits in problems 17 and 18

17.

e

19.

20.

"y

21.

1

%

W

25,

Wi

- 27 Pyt
limy - 18, lim 2x = ,x
(=) 3y -3 (7 x—= 265 L
(1) Find the coordinates of the midpoint of the line segment joining the podnts (2, <) and (4, 2).

() Write the aquation of the line that passes through the points (2, -1) and (4, 2}

(¢) Find the equation of the line consasting of all the points that are equidistant from the points
{2, -1 and (4, 2)

Sketch the graph of y = ~log, x

Given that f{x) = {2 when x Z
-2 when x <

@} lim f(x) (by lLim f{x)
vt

renl

: sketch the graph of f and find:

Let L represent & constant. Use inderval nolation 1o describe the values of v for which
lv = L] < 0001,

Show that (1 - cos’x)cscs.\' + unfx = sec? ¥ for all values of x where the functions are
defined,

b4
Evaluate: 3 tan® s 20t ==
[ 4

It m£ABC in the figure shown is 40°, then A
what is the mensure of angle ADC? Justily
yOUr answer,
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414

Calculus Lesson 81

LESSON 81

Solids of Revolution II: Washers

Some solids of revalution have cavities, and their volumes can be computed as the difference of two
volumes, each of which can be found by stacking disks. These volumes can also be found by stacking
washers, The volume of the sohd foomed by rotating the first-quadrant region shown below about the
y-axis is the volume formed by revolving the region bounded by the graph of f(x) = x* about the
y-aixis, and thes removing the volume formed by revelving the graphof glx) = 2x% about the y-axis.

Y o =20

' fix) = x°

A [
-
r'*ﬁ—_g-\ &

Reprasentative washar

The solid formed s depicted in the center figure, and 115 volume can be appeoximated by a stack of
circular washers similar to the representative washer shown. The volume of the represeatative washes
is the product of its thickness (Ay) and the area of the whole disk (x87) reduced by the area of the
hole in its center (7).
Volume = {(xR® « xr?}Ay
Since this result is exactly the same as the difference in the volumnes of two represeniative disks,
Volume = ;TRTA:J - oAy
we see that the volume-by-washer method is a difference-of-two-disks method in disguise. The

washers make it casier to visualize the problem, which is why we use them, The total volume is given
by a definite imtegral that sums all of these smaller volumes.

0
\olume = J (ar? - me) dy
a

This is the case when the region has been rotated about the y-axis. R and r are represented in terms of
v, and @ and B are the smallest and largest y-values denating the locations of the vertically stacked
washers.

We can write a similar integral for volumes of solids of revolution rotsted about the x-axis:

i Volume = r(m?" - ®mri)ax

e

Here, R and rare in terms of x, and the washers are stacked along the x-axis from a to b.
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81 Sclids of Revolution Il: Washers 415

example 81.1  Fund the volume of the solid formed by revalving the region stown about the y-axis.
y gl:l’:i = 2.\’:
fix) = Xt

sofution  First we generate the solid and draw a representative washer,

Represenative washer

The volume of the represemtative washer is (xR - xr*)Ay where R is the outer radius and 7 is the
irmer radius of the washer, In this case R is determined by the input for the function f, so y = R On
the other hand, r is determined by the inpat for the function 2. 50 ¥ = 2% or r? = . These washers
are stacked from y = 0 w0 y = 4. Thes the volume of the solid in question i

Vv

&
[ (zR* « mr%) dy

rd J 'I\
- '|° [.\'y - NEJ dy

ydy

4

5!
20
xf
20 2

- 4z units®

o

example 81.2  Find the volume of the solid formed by revolving about the y-axis the region bounded by y = 1,
x = 4, and the x-axis.

solution  First, we draw the graphs and the solid formed.
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416 Caiculus Lesson 81

Note that the volume m question s thal of a cylinder with a cone removed. The volume of the entire
cylinder i3
V = xeth = m4)%4 = 64x

1

while the volume of the removed cone is

V.= —l-ﬂrzlx = —I—(Mx) = Y8

wee — 3 3 3
. ) ) . ' 7 A 287
Therefore, the volume of the resulting object is V| - Ve = B - -(11—‘—- = ! f\"

To confirm thes, we compute a definite integral tha describes the volume of the object.

-4
V= r (®R? — xr?) dy

r=0

Here R = 4 for 21l washers, while » = x ¥
But since this region is revolved about the
yaxis, we must wilte the equations for R and 7
in terms of y.

k=4

rey (since ¥y = x)

E
w
L8 S

Now we find the volume.

‘
V - 2 41 - wl) .
[ xt =y a
- %]
= g 16y - &
3o
= x[(:ct - ﬁ]
3.
- ”‘;h units’
example 81.3 Find the volume of the solid formed by Y

revolving the region shawn about the x-axis

solution  First we draw  the solid and show a ¥
representative washer.

The volume of the representative washer s
V = (zR* - @*) Ax

[=(4x)* = a(x*)*] Ax

(2x - ax') Ax
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81 Solids of Revolution Il: Washers

example 81.4

solution

an7

Moteover, the washers are stacked from x = 0 to x = | Therefore the volume in guestion is

1
V- [ (xx = mx?) e
.U

"

]

RED n_;’]

L2 5 o
(1 i)
« x|~ - =]
lz 5)

- ix units*
10

The region between the graphs of ¥ = x* 4 2 and ¥ = 3% + 1 onthe interval [0, 1] is revolved
sbout 1he x-axis. Find the volume of the solid of revolution generated.

We begin by drawing the graph and shading the region to be revolved. Next we show the solid that is
generated, & well as a representative washer,

The rectangle in the graph is a profile of a section of the washer on the right. The widdh of the washer
it Ax, and we stack these washers from x = O 0 x = 1. The radius  of the mnside of the washer
is 3x + 1, and the radies R of the outside of ths washeris x* + 2. So the volume in questioa is

1
V= - 2t d
_L(nlt zré) dx
! ; ; 1 :
j x{x* +2) - x(--x? |] dx
0 2
1 2 )
-xj L‘+4x"+4—[x—-+.t+llex
ol 4 )
1
.\'I (1‘*Ex’—x+3)dx
o 4
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418

problem set

81

)

175

kA
10

Calcwlus  Lesson 81

A 10-metec-fong  trough with a right
tnangular cross section is partially filled
with & fluid whose weight density is
900 newtons per cuble meter. The level
of the fluxd 1s 1 meter below the wp rim of
the trough. Find the work doee in pumsping
all the tluld out of the tap of the 1ank.

2. Supposc the function f isdefined as §(x) = 5,33 %57 £ 1 Find the value of b for which f is

continuous everywhere,

Let f be s quadratic function. The shope of the line tangent 1o the grapbof fat 5 = 1 is 1, and
the shape of the line tangent to the graph of fal x = 2 is 5. The graph of f passes through the
point (0, 1). Find the eguation of f.

In problems £ and 5, let R be the region in the first quadrant between y = ¥ and the x-axis on the
interval [0, 3],

4. Find the volume of the solid formed when R is revolved aboet the x-axis.

O
T

6.
\iy

9.
o

Find the volume of the solid formed when R 18 revolved about the v-axis.

Let & be the region in the first quadrant enclosed by the graphs of y = ¥, y = J&%, and
¥ = 4, Find the volume of the solid farmed when R is rotated around the y-axis.

Let R be the first-guadeant reglon completely bounded by the graphof y = +'x and y = x°.
Find the volume of the solid formed when region R is revolved about the x-axis,

Let R be the region bounded by the graphs of vy = x* + 1, y = x x = 0, asd x = 2 Find
the volume of the solid formed when region R 15 rotated around the x-axis.

2x - 2x - 4

E |

Write 1he equations of the asymprotes of the graph of the function y =

Graph the functions in problems 10 and 11, Clearly indicate all zeros and asymptotes.

-

X+l x4+ x=2
y = — 1. y = ———
2x (L] x4+ 1

Evaluate the limits in problems 12 and 13,

12,
]
14,
el

18,
7355

16.

(e422)

17.

(6472

b BN R -
tim S06G5) 13, b i X —X-2
PR X 7 =) X=2

Write the equation of the line tangent to the graph of y = 2% at x = 2.
If l':n2 f(x) = 7, which of the following must be true?
x

A fexsisat x = 2. B. fi2) =17
C. fiscomtimuousat x = 2. D. None of the above

Differentiate ¥ = xinlx’ - x| + 27" + aretan x with 10,
respect

Antidifferentinte: j'(z* +1 _:x,]dx
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problem sat 81
18,
[

19,

i

20,

43

22,

e

23,

wn

27

419

o 008 X . . i :
Evaluate I m=——===== dx by changing the variable of integration.
0 ysinx + 1

Which of the following functions has & graph (st & concave upward everywhere?

3

A yex Byn—x’ C ymet D yw=sinx

If f is a function that is continwows and increasing for all real values of x, which of the following
must be true?

A. The praph of f is always concave up. B. The graph of f is always concave down.
C f(x) < flx) if x, > x, D flx) > fix,) if x, > x,

. Let f(x} = ¢, Find the value of (1),

For whist valees of & does the gruph of ¥ = _::’ + 2kx? 4 5x « 3 have two tangent lines
paraliel to the x-axis.

The graph of the functzon f is shown af the

right. The graph of gix) = f(x + 2) most
resembles which of the following graphs?

Al ¥y B.

Determine the domain end range of y = sin (vx - 1).

Let f(x) = —x* — 4x + 12 on the interval (-3, 1], Find the point(s) on the curve where the
tangent line is paralle] to the line segment joining the point corresponding to x = -3 10 the
point corresponding to x = |
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116 Series 597

LESSON 116 Series

Lesson 105 inroduced the concept of a sequence, an infinite and ordered list of tenns. We now discuss
the concept of the sum of infinitely many 1erms, which is called an Infinite serles or serles. If {a | is
asequence of terms for ¢ = [, 2,3, ..., we can form a series § by summing these terms.

-

Swa va, ta + or Sm Za'
=l
Unfortunately § is represented 35 an infinite summation. If it has & value, that value cannot be
determined by adding all the a,'s, bocause the process never ends, However, it is possible to add the
first m terms. Therefore the nth partial sum of S, denoted S, is defined by
S =a

ta,+ta, + - +a
| 2 3 -

All partial sums are finite, since cach is a sum of a finite number of terms.
S =4
S,®a +a,

.S’=a'¢a:+a‘

Notice that the pardal sums of S form & sequence §, 55, 55, ... Thus, we define the sum of a series §
t0 be the limit of the sequence of Hs partial sums.
S = z a = hm S
oyt
=1
Moroover, we say the infinite series § converges if lim S converges. Otherwise § is said to
diverge :

™

example 1161 Let § = 2 ;5];’_' Find the first five partial sums of 5. That is, find 8|, 5, §,, S, and 5,

A=l

solution  The first five teoms of § are % e ; —'l('.and :,, . The partial sums arc a5 follows:
Al R
. 1
.')|=;
s, =141 23
P24 4
g—l+lal—l+l—l
U274 8 a4 8 8
1 1 I 1 7 1 15

S = o o o m— e e — —
2 4 8 16 8 16 16
s-.(_+l~l~L+L-—l_5+L—3_l
$T2 4 8 16 32 16 32 RN

example 116.2 Does the infinite series S = Z 2% coaverge or diverge?

solution  To answer such a question regarding infinite series, we must consider
lim §

Apee N
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598 Calculus  Lesson 116

Therefore we must find a formula for S, the ath partial sum of . We seek a pattern in the partial sums
5,5, 8, 5, and S, Netice that the depominators are powers of 2,

N
Wt Ty
3 3
‘S: Y 2
~
$=da .
S8 2
15 15
RTINS
3
a3t
> 32 2°
Morcover, the numerators are vne less than the denominators
. 2=
'sl - 2]
22 -1
S, = =7
.~
28 -1
8= 5
2° — |
S,=- 2
2% -1
Sy = =5
From these we conpecture that
2" -1 |
S..=",,." = l_?._'

It turns out we can prove that this formula for § s correct for all positive integers n. (Usually, it 35
more difficult to find an explicit foomula for S 1) Thus, we can detenmine whether the series COnNverges
or diverges.

f
fim S, = Jim (1~ ) w1-0 =

e K=t ")

He nce z;’-l;conw:rm and ZZ,_‘" -1
ezl =

£
a=]

example 116.3  Find the first four partial sums of the series z L
n

Axl

sofution  The partial sums are as follows:

N 1
.SI=T=1

113
BTitaTa

1 1 I 11
S. = = -— = S —
ST T S
S_-.l_q_l.._l...!.—z_s.
A2 3 2 12

Whike these pastial sums ¢o not appear to grow large, this series actually diverges. The series ;' : is
keown as the harmonic series. It will be discussed more in Lesson 127
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Calculus, Lesson 116

Sample taken from Calculus (Second Edition), page 599

problem set 116

problem set
116

599

1. Approximate to ten decimal places the x.coordinate of the first-quadrant point of intersection of
the graphs of y = x and y = cos x.

2': A solid has a base bounded by vy = 4 — x* and the x-axis, Each crass section perpendicular 1o
" the base and parallel to the x-axis is a rectangle of height 2. Find its volume,

3. Determine the average value of f(x) = sinx on the closed interval [0, 7). Confirmy the Mean
Value Theorem for Integrals using £ on this interval.

. Define: zeries
s
S’. A variable force Fix) = xe*” newtons is applied to an object to move it along a straight line in
" the direction of the farce. Find the work done by the force on the object in maoving it from
xr=0wx=3meters.

6. Evaluate:  Em [sin ¥ In (sin x)]
Wi P

AntzlifTerentiate in problems 7 and 8,
- -X =7
7. J.__C'_"Ll__ e 8. I_X._'T dr
s Xx + I)x + 2) (323) x + Dix - 2)

9. Write the polar form of the rectangular equation x% + y* = 4.

m
le. Find the length of the curve whose graph is defined by the parametric equations + = ¢’ sin¢
Y and y = ¢’ cos 1 on the interval from ¢ = O to ¢ = 2.

I1. A particle moves along the path defined by the parnmetric equaliins x = " and
"y = 420 + 1) Find the distance the particle travels between times 1 = 0 and ¢ = 4
Graph the equations in problens 12 and 13 on & polar coordinate system.

1. r =258 13, r = 3sin(39)

.
ey e

Integrate in problems 14-17.

2x ' 44 927
f.‘!; -[4 ¢ oxt i Insm .[ 2x i
16, | -——2— [
Ay V‘A 4 0y i ,"4 + 9x7

18, List the first six terms of zﬁ
115 b 3

19. Find the first six partial sums of (he series Z 2% .
e a3

20, Would you goess that the series .i' 2 converges or diverges? If you say it converges, 1o what
™ would you guess it converges?

21. List the first six terms of Z
e el

N
:I'-”

22, Find the first six partial sums of the series z 2% .

(rasy

awl
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Calculus, Lesson 116

Sample taken from Calculus (Second Edition), page 600

Would you guess that the serics i. 2 converges ar diverges? If you say it converges, 1o what
would you guess it converges?

1 N
Differentiate ¥y = —= — x In lsin xi + arcsin — with respect o x
x 2
. An expeszment confirms that there is a relationship between two quantities, which we represent
by the variables x and y. The experiment produced the correspondences between x and y
indicated in the following table:

ing

x Q|25 |30 |35]|40 45|50

y |27 (35| 4) |40 38 32|24

Though we do not have the equation y = f{x), we know that I fix)dx has an imponant

. N 4] . . - -
physical meaning. Appeoximate | f{x)dx using this data and the trapezoidal rule with
n = 6 subintervals,
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